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1. ABSTRACT 
1. ABSTRACT 
The l.Ulsteariy-state equations for a plate gas absorption col= are 
fornrulated. The equations take into aCCOl.Ult imperfect plate eff~ciencies 
and liquid flow changes. Transfer-fl.Ulction and state-variable models of 
the col= are de~ved. 
Experimental frequency responses are obtained on a 4-in. i.d., 6-
plate laboratory absorption column operating wlth the system air-rumnonia-
,,,ater and are compared with the theoretical responses. 
The l.Ulsteariy-state equations for a packed gas absorption column are 
also fornrulated, taking into account variations of mass transfer coeffici-
ent and interfacial area and liquid flow changes. A transfer-function 
model of the column is derived. 
Experimental frequency responses are obtained on a 4-in. i.d., 6-ft 
packed-height laboratory absorption column operating with the system air-
ammonia-water and on a .3':ft, i.d., 15-ft packed-height plant absorption 
column operating with the system inert gas-hydrogen chloride-water and are 
compared ,rl.th the theoretical responses. 
The possibility that the outlet liquid concentration step response of 
a plate absorption column may pass through a minimum has be€'n raised in 
the literature and is considered. It is shown that liquid flow changes do 
not give rise to a minimum, but that gas flow changes may do so if 
Rijnsdorp's K2 effect occurs. 
K2 > 
The condition for a minimum is 
L 
G 
'Where L and G are the molal liquid and gas flows. 
A method is described for reducing complex transfer-function models of 
chemical processes to simple models using the relation 
s=O 
'Where G(s) is a transfer function and M~ is the ith moment of the impulse 
1 
2 
response about the origin. 
Typical simple models suegested are 
G(s) = 
and 
G(s) 
exp { - T lS} 
= 
(1 + T 2 st 
The three parameters of the simple model are obtained by matching the first 
three moments of the Dnpulse response of the complex and simple models. 
The technique is illustrated by the derivation of simple models for some of 
the responses of the plate absorption column. 
The usefulness of the method is greatly increased by the development of 
a technique for the determination of the moments of the impulse response of 
a system directly from the basic transformed equations by simple repeated 
matrix inversion. This avoids both the need to derive a complex transfer-
function model and the need to differentiate this model. 
It is often not possible to derive the complex transfer-function model 
without making restrictive assumptions. For the plate absorption column 
these include the assumptions that the slope of the equilibrium line and 
the plate efficiency are the same on each plate. By determining the 
moments directly from the original equations restrictions of this sort can 
be relaxed. This direct method of determining the moments is illustrated 
by the derivation of simple models for some of the responses of the plate 
and packed absorption columns. 
As an illustration of the application of the method simple transfer-
function models are derived for the principal responses of a series of 
standard plate absorption columns. 
Further aspects of model simp~!ication are considered. These include 
methods of Feighting the moments to obtain the best fit for the response 
at short t~es; methods of deriving simplified models for systow£ the 
response of 1ihich passes through a minimum or is oscillatory; and methods 
of determining the general form of the response from the moments. 
3 
2. INTRODUCTION 
2. INTRODUCTION 
The work described in this thesis llas begun in rnid-1959 .men the 
author 1;as ~lOrking at the Central Instrument Research Laboratory of 
Imperial Chemical Industries Ltd. The laboratory had ~n hand at. this 
4 
time a programme of ~lOrk on the unsteady-state behaviour of unit operations. 
The operations which were the particular concern of the author were 
evaporators and gas absorption columns. 
The aim of the work was to derive and test simple linear models of 
absorption columns. These models were intended to be used for the develop-
ment of the transfer-function and state-variable models which are the basis 
of modern control theory. The form of the models and the assUllq:>tions made 
were therefore governed b.7 these considerations. The simplifying assump-
tions of isothermal operation, constant gas and liquid flo~ro, dilute 
solutions and straight equilibrium line were made, but liquid flow lags and 
imperfect plate efficiency were taken into account. 
When the study was begun there was very little in the literature on 
the dynamic behaviour of absorption columns and although a number of papers 
have appeared since, most give a highly simplified treatment. 
The theoretical models of the absorption columns were derived, the 
apparatus was designed and built and rather more than half the experimental 
results were obtained b.7 the author before he was taken off the work in 
rnid-1960. The experimental work was corrpleted by Mr. A. J. Haagensen by 
the end of that year. The original intention in the laboratory experiments 
was to investigate several systems with relatively soluble and insoluble 
gases, but the ~lOrk was terminated after only one system, the soluble gas 
air-ammonia-water system, had been investigated. 
':'he work was resumed b.7 the author in the Department of Chemical 
Engineering, Loughborough University of Technology, in rnid-1967, with the 
aim of exploring more fully the character~stics of the plate absorption 
COlUl1l!l. 
Several members of the department, Dr. B. A. Duffham, Dr. JJ. G. 
Gibilaro and Mr. H. W. Kropholler were interested in the use of invulse 
response methods to determine the unsteady-state behaviour of chemical 
processes, in particular the fitting of theoretical models to experimental 
invulse responses. The idea of reducing complex transfer-function models 
to sinvle models ~ the matching of the moments of the impulse responses 
of the blO models arose from contact .. 6.th this work and was developed 
jointly with Dr. L. G. Gibilaro. The method is based on the derivation 
of the moments of the complex transfer function model by differentiation. 
A somelv!J.at slmilar technique of model sinvlification was developed by 
P~ter, but his method involves the derivation of the moments ~ series 
expansion of the complex transfer-function model and appears very 
complicated. 
In its original form the model sinvlification method still required 
both the derivation and the differentiation of the transfer function of the 
complex model. This is a severe limitation on its use, because the deriva-
tion of such a transfer function by the usual methods, such as finite-
difference equations, requires restrictive sinvlifying assumptions. In 
plate absorption or distillation columns, for example, it is necessary to 
assume that the slope of the equilibrium line and the plate efficiency are 
the same on each plate. The technique of determining the moments directly 
from t!le basic transformed equations overcomes these disadvantages, because 
it is based on matrix inversion 'l'vhich allows the equation coefficients to 
differ. The method is illustrated ~ its application to both plate and 
packed absorption columns, 'l'vhich may be taken as representative of stage-
wise and differential processes. 
5 
Using the model simplification method simplified transfer-function 
models have been denved of all the main response3 for a series of standard 
plate absorption columns, operating under ~sothermal and dilute solution 
conditions, covering the norw~l range of operation of industrial columns, 
so that the control system designer can calculate the simplified transfer 
function for a given response. 
So far the technique of model simplification has been developed and 
simplified models suggested for systems vmose step response does not undcr-
go an inflexion and is not oscillatcry, i.e. for monotonic systems. Con-
sideraticn has, ho"~ver, been given to the problems of deciding by inspec-
tion of the moments calculated from the basic transformed equations ;mether 
a system is non-monotonic and of choosing and fitting simplified models to 
such systems. 
The method for model simplification is considered -fo be the most 
valuable aspect of the work described. It provides a means of determining 
simple transfer-function models for many types of chemical apparatus. 
Another important aspect of the work is the set of models of the plate 
absorption column. In addition to the basic differential equations these 
include the time and frequency domain solutions, the moments equations and 
ohe state-variable and simplified transfer-function models. 
The unsteady-state plate absorption column model, described in Sections 
4, 6-7, and the unsteady-state packed absorption column model, described in 
Sections 5-7, have been published as (1) and (2) below. The method of 
model simplification by matching moments, described in Section 9, and the 
method of determining the moments directly from the basic transformed 
equations, described in Section 10, have been published as (3) and (4) 
below. 
/ 
o 
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3. LITERATURE SURVEY 
3. LITERA TUBE SURVEY * 
Unsteady-state rrothematical models of chemical processes w2W be 
used for a number of different purposes and the most appropriate model 
depends on the use to 1'lhich it is to be put. Before reviewing the 
literature, therefore, it is necessary to consider briefly the different 
types of unsteady-state model. 
In its most basic form such a model consists of a set of ordinary 
or partial differential equations 1ffiich in the general case are non-
linear 2nd are supplemented by additional algebraic equations. These 
differential equations m1l0'" be integrated numerically by one of several 
methods. Some integration methods allow the equations to remain i.~ 
nonlinear form and to retain associated algebraic equations, 1ffiile 
others require that they be converted to a set of linear differential 
equations only. The integration may be carried out to obtain a time 
response, usually a step response, 1ffiich can be used to provide a stand-
ard against ~ihich more approximate models can be checked, to compare 
with experimental results, to furnish general background information, 
to derive by curve fitting simple transfer-function models and to obtain 
suitable controller settings. 
Such a model may also be used for simulation. The simulation ffi1l0'" 
be carried out for a number of reasons, but the investigation of control 
systems is the most common. In a typical case the model equations are 
combined with control equations and the action of a control system for 
the process is investigated by numerical experimentation. Such experi-
mentation may also be carried out with a view to deriving simplified 
empirical models or operating rules. 
The necessar,r calculations ffi1l0'" be done using any type of computer. 
* The symbols used in this and the following sections are defined in 
the Notation. 
s 
Digital, analogue a~d hybrid computers are all used, although the former 
is much the most commen. 
Many of the most useful techniques in control systam design require, 
however, a different sort of model. For some years there has been an 
intensive development of linear and nonlinear control theory. For 
~near systems especially some very interesting and potentially useful 
control techniques have been developed. These methods require that the 
system to be controlled be described by transfer-function or state-
variable models. The application of the techniques has been held back 
partly by the difficulty of deriving such models for chemical processes. 
It is ,r.Lth models of this kind that the present ,,'Ork is concerned. 
The basic differential equatJ.ons of the linear model are obtained 
by linearisation of the differential equations of the nonlinear model. 
The dependent variables in the equations are often, though not always, 
roq:>ressed as unsteady-state variations about the steady-state mean, 
since this simplifies the Laplace transformation by eliminating initial 
conditions and justifies the substitution s = i w to obtain the fre-
quency response. The-equations- can: be- integrated numericaJJy to obtain 
the time-domain responses such as the step response. It is also possible 
to get the frequency response in this way, though it is rarely done. 
The linear differential equations are often Laplace transformed 
and manipulated to obtain a transfer function. This may then be used 
in one of several ways. 
it by the SUbstitution 
The frequency response can be calculated from 
s = i w • It may be inverted to give the time-
don~ responses, such as the impulse or step responses. Or it can be 
used to derive simpler expressions for certain limiting cases, such as 
low or high frequencies or an infinite number of plates in a co1=. 
The derivation of an explicit transfer function often necessitates 
drastic simplifying assUl!q)tions and even so is often not possible. It 
9 
is usually possible, h01;ever, to obtain some form of relationship, such 
as a recurrence or complex matrix equation, from ~mich the frequency 
response can be calculated. Inversion into the time domain is more 
difficult and is sometimes impossible. 
In view of these difficulties the derivation of analytical models 
may appear not to be l;orthwhile. Such models are, hOl,rever, one of the 
best means of gaining insight. into the behaviour of and the importance 
of particular parame"Cers in a system. 
Alternatively, the Dnear equations may be arranged in the form 
10 
of a state-var:Lable model, mich is a set of linear ordinary differential 
equations without additional algebraic equations. 
sometimes used to eliminate the latter. 
DU1Illl\Y variables are 
Transfer-function and state-variable models are the two types of 
model on which modern linear control theory is primarily based. Until 
about ten years ago the theory was developed almost exclusively in terms 
of transfer functions, but much recent work uses the state-variable 
approach. Transfer-function IIlOdels are often very simple, but equally 
they are often extremely complicated and may be impossible to derive. 
State-variable IIlOdels can nearly alwa;y-s be obtained. 
One important advantage which transfer-function models have over 
state-variable IIlOdels is their ability to accommodate pure time dela;;rs. 
In a state-variable model these have to be handled by the clumsy method 
of appro:x:i.Jnating a time delay by a large number of lags in series. 
In addition to surveys of the literature on unsteady-state models 
of plant and packed absorption columns and of model simplification, a 
review is also included of the literature on unsteady-state models of 
plate distillation columns. In "iew of the similarity in the models 
this is unavoidable, but the review is restricted to those aspects which 
u 
are relevant and does not deal with those topics pecllliar to distilla-
tion. 
3.1. unsteady-state Hodels of Plate Absorption Colu.'lL'ls 
The earliest study of the unsteady-state behavlour of a plate 
absorption colUll'.n appears to be that of YJarshall and Pigford (66), .. mo 
consider the problem of column startup. Making the assumptions of 
isothermal operation, constant gas and liquid flows, dilute solutions, 
a linear equilibrium relation and perfect plate efficiency, they derive 
the basic ordinary differential equation for the gas concentration on 
the general plate. They then solve this equation by Laplace transfor-
mation, application of finite-difference equations to obtain a transfer 
function and inversion of the transfer function to obtain the time 
solution. The boundary conditions used are those appropriate to start-
up in a column in ..mich the initial liquid concentration on every plate 
is that of the inlet liquid and into vihich gas is then admitted. The 
step response of the outlet gas concentration to the inlet gas concentra-
tion is obtained. This approach, with minor variations, has become the 
classic analytical method of treating the unsteady-state operation of 
multistage processes. 
is 
The basic differential equation for the concentration on a plate 
W dXn = 
L dt 
When Laplace transformed this becomes, assumi.ng zero initial conditions, 
se - (1 + A + WS)X + AX = 0 
n+l L n n-l 
The equation assumes a linear equilibrium relation, negligible vapour 
holdup and perfect plate efficiency and neglects gas and liquid flow 
chaJ1.ges. The equation may also be written in terms of the gas con-
centration, since there is perfect plate efficiency. 
Essentially the S<l..'ne model 1;as used by Lapidus and Anrundson (57) to 
obtain the dynamic beha\dour of the column under normal operation. 
They again solve the basic equation by Laplace transformat~on, finite 
differences and invers~on and obtain the step responses of the outlet 
gas and liquid concentrations to the inlet gas and liquid concentrations. 
The solution is a general one which embraces that of Marshall and 
Pigford as a special case. 
In both studies the concentration terms are total concentrations, so 
that when the basic equation is transformed the initial values of con-
centration have to be included. The mathematics involved, particularly 
that of Lapidus and Anmndson, is extremely complicated. 
An alternative approach was made by Acrivos and Amundson (2), who 
use the same model and solve the same problem as Lapidus and Anmndson 
using matrix methods. In this case, however, the concentration terms 
represent transient deviations from steady-state mean values and the 
initial values are zero. 
The same workers (1) also used an analogue computer to study the 
dynamic behaviour of a plate absorption column. 
lhese studies were the only published papers on unsteady-state 
models of plate absorption columns when the author began work in this 
fie~d. The theoretical models were hi~ simplified, takiJ1.g no 
account of factors such as imperfect plate efficiency and liquid flow 
lags, did not give the responses to gas and liquid flow changes and were 
not supported by experimental work. 
While the work was in progr6:,s a further theoretical study was pub-
lished by Ceaglske (17), who treats the same problem as Lapidus and 
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Amundson, but def~nes the concentrJ.tions as transiont deviations a.'ld 
obtains a simpler transfer function. He also derives the stop response 
of the outlet gas concentration to the inlet gas flou, neglecting flO1, 
lags, and Sh01,'13 that the signal flow diagram method can be used as an 
alternative to finite-difference equations for the derivation of the 
transfer function. 
Since the main pari of the work on the plate absorption column ,laB 
completed three further studies have been published. Nobbe (74) carried 
out an experimental investigation of the liquid flow response and found 
that a plate acts as a single transfer lag for the flow of liquid across 
it. 
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Calvert and Coulman (16) derive the full nonlinear differential 
equations of the system, including heat balances and a curved equilibriu:n 
line, and solve these numerically to obtain theoretical step responses 
Which they compare with experimental responses. These were obtained for 
the system air-sulphur dioxide-dimethylaniline in a 4 in. diameter, 5-
plate column. The responses investigated are those of the outlet gas 
concentration to the inlet gas concentration and inlet gas flow. 
Pariicular attention is paid to plate efficiency. The calculated 
step response for the outlet gas concentration to the inlet gas concen-
tration shows for perfect plate efficiency a pure time del~ Which dis-
appears as the efficiency is reduced. 
In deriving their equations these workers distinguish between the 
concentration of the gas leaving the liquid on a plate and the concentra-
tion of the gas holdup above the plate, using different symbols for these 
two quantities. It therefore follows that even with perfect plate 
efficiency the concentration of the liquid holdup on the plate and of the 
gas holdup above it are not in general in equilibrium at ll.'lSteady state. 
Some,,>hat confusingly they claim to have proved this result 1,~1ich is 
implicit in the fornrilation of the equations. 
Cullinan (23) studied the problem of the startup of a multicom-
ponent absorption column ldth particular emphasis on the coupling of the 
equilibriun relationships of the components. 
The simple unsteady-state model of the plate ab::lOrption colulll.'l ~d.th 
perfect plate efficiency, ,mch iE rather simpler than the corresponding 
.model for a distillation column, haG also been used in the literature for 
illustrative purposes. Several authors, including Acrivos and Amundson 
(1), Ye:lberg and Johnson (lll) and Coughanow-:o and Koppel (21) have used 
it to show the application of analogue computers to the investigation of 
plant dynamics and Ann.lJ1dson (3) has used it to illustrate matrix tech-
niques in such studies. 
The model is also a convenient one for the investigation of control 
techniques and has been utilised for this purpose by Rees (81) and by 
Chant and Luus (19), who have studied the adaptive and suboptiJnal control 
of the system. 
3.2. Unsteady-state Models of Plate Distillation Co1ullms 
The literature on the unsteady-state behaviour of plate distillation 
columns is, of course, much more extensive. Useful critical revievro 
are given by Archer and Rothfuss (5), Williarus (108), Rosenbrock (89), 
Gou:'d (37) and Holland (44). 
The main features of the work vihich are relevant to absorption are 
the formulation of the equations, particularly in respect of plate 
efficiency and liquid hydraulics, and the mathematical methods used in 
the solution of the equations. 
The princIpal approaches to the problem have been the numerical 
solution of the equal-ions using digital or analogue methods; the 
Laplace transformation of the equations, use of finite differences or 
other methods to obtain a transi'er function, fol101'lCd either by direct 
determination of the frequency response or by inversion to obtain a time 
response; the deduction from the main transfer function of simplified 
transfer functions for limiting cases; and the derivation of semi-
theoretical or empirical simple transfer-function models. 
The main methods used to obtain numerical solutions by digital 
computation are reviewed by l1ah, l1ichaelson and Sargent (64), Holland 
(44) and Distefano (28). If the equations are nonlinear integration 
techniques such as the Runge-Kutta method must be used, lvhile if they 
are converted to linear form matr:LX integration methods are available. 
An early numerical study was that of Rosenbrock (86), vmo used an 
implicit method, lvhich is explained more full;y by Rosenbrock, Tavendale, 
storey and Challis (91). The method involves a constant e vmch can 
be set arbitrarily and when a value of i is used the method reduces to 
that of Crank and Nicholson. A relatively simple set of equations for 
a binary system consisting of the basic differential equation, an 
arbitrary equilibrium relation and the definition of plate efficiency 
are used. The theoretical step responses obtained are compared with 
experimental responses taken independently by Armstrong and Wilkinson 
(6). This work was followed by Rosenbrock, Tavendale, storey and 
Challis1s (91) numerical and experimental study of a multicomponent 
system, using a similar model, but ta.1dng into account multicomponent 
equilibria and liquid temperatures. 
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Huckaba and Franke (46) and Huckaba, Ma;)", Franke, Fairchild and 
Distefano (47),formulate a model vJhich includes heat balances and vJhich 
they solve using the Runge-Kutta-Gill method and compare with experimental 
respon~es for a binary system. 
Waggoner and Holland (103) apply the 6-method, which ls widely 
used in steady-state distillation column design (43), to the solution 
of the unsteady-state equations. 
corrector method of solution. 
This is effectively ~~ implicit and 
A very comprehensive stuqy of methods for the numerical integration 
of the equations either of a batch distillation column or of a continu-
ous column at unsteady-state has been made by Disterano (28). The 
method which performed best ,TaS the Adams-l1oulton-Shell method. 
Peiser and Grovel' (79) carried out a control system desl.gn study 
in which they simulated a 4-component column including equations for 
heat balances, for other equipment and for control loops. This work 
arose as a result of operational problems on a plant unit, in which the 
behaviour of the light key concentration in the bottom product and the 
reboiler liquid level were erratic and the bottom section _s experienc-
ing flooding. The authors claim that the simulation VlB.S effective in 
solving the plant problems but give no details of the integration method. 
The matrix method of solution has been developed by Mall, Michaelson 
and Sargent (64) and by Sargent (93). The main difficulty in using 
this method is that the coefficients of the plant matrix are functions 
of time. One w'V of overcoming this difficulty is to treat the coeffi-
cients as constant over a short time interval, another is to assume they 
are linear functions of time. 
Another technique of integrating differential equations has recently 
been developed by Gibilaro (34). Buffham, Kropholler and Gibilaro (14) 
and Buffham and Kropholler (1.5). The method is knovm as network combing, 
can handle systems with a wide spread of time constants, such as occur in 
this type of problem, and may well find application in this area. 
Numerical solutions have also been obtained by analogue cOI:'.puta-
tion. Lamb, Pigford and RiPPLn (56) derive a comprehensive set of 
linearised equaGlons in terms of transient deviations and obtain the 
step and frcquency responses for a 16-plate column lr.i.th a binary system 
using an ordinary analogue computer. 
Franks (32) descnbes the use of an analogue computer lr.i.th logical 
and iterative facilities to simulate the dynamics of a 4-componcnt, 60-
plate column. The paper gives a useful account of the computaGional 
techniquos appropriate to this method of solution. 
Lapidus and Frank (58) investigated the use of a hybrid computer 
(digital and a.'1aJ.ogue) to simulate a 5-component, 7-plate column. The 
main object of the '\;'Ork vJaS to investigate the errors inherent :in hybrid 
:installations. 
It is of :interest that in his review of numerical methods Distefano 
(28) suggests that hybrid computation may :in fact be the right vl<13" to 
solve the unsteady-state distillation equations. 
The analytical approach has been developed :in a series of papers by 
Armstrong, Wilkinson and ~Tood. Most of the work is concerned with 
b:inary systems and the equations are no~ expressed :in terms of 
transient deviations. The classic method of Laplace transformation, 
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derivation of the transfer function and :inversion of the transfer function 
is used. The transfer functions and :inversions obtained are complicated. 
The theoretical step responses are compared with experimental responses. 
The .rork has progressed from consideration of the response to concentra-
tion changes onJvr via the response to flo,! cha.'lges with flow lags 
neglected to the response to flow changes with flow lags taken :into 
account and from binary to multic'mponent systems. 
Thus Wilkinson and Armstrong (106) obtain the step response of the 
top product concentration to reboil vapour concentration for a cola~ 
at total reflux. The same lrorkers (107) also obtain the step response 
of the top product concentration to feed concentration for a column at 
finite reflux. In this case the transfer function is der-lved by 
replacing Ghe set of transformed equations for all the plates by a 
single d:Lfferential equation in lihich the independent variable is dis-
tance up the column. _ This equation is then solved to give the trans-
fer function. The technique is discussed further by Rosenbrock and 
storey (92). Good agreement was obtained between theor,r and experiment, 
althou&~ the eA~erimental column had only 5 plates. The solution 
obtained, however, is valid only for the initial part of the response. 
The solution for the later part is given by Wood and Armstrop.g (109). 
A similar der-lvation for the step response of a column to reboil 
vapour concentration is given by Voetter (102). 
Armstrong and Wood (7,8) obtain the st~p response of the top product 
and plate liquid concentrations to reflux and reboil vapour flow takiP.g 
into account liquid flow lags. In this case the coupling between the 
enriching and stripping sections causes severe difficulties and leads to 
particularly complex transfer functions. 
Ceaglske (18) gives a treatment of distillation dynamics similar to 
his work on absorption already mentioned and with emphasis on the use of 
signal flow diagrams. 
All these studies are concerned with binar,r systems. The dynamic 
behaviour of a multicomponent distillation column has been studied 
theoretically by Wood (110). A set of equations is formulated Which 
takes account of the multicomponent vapour-liquid equilibcia in a 
realistic way, but Which are still linear for perfect plate efficiency. 
The equations are Laplace transformed and are expressed as a matrix 
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cqc~ation )·.here the coefficients in the matrJ..."'!: are conplex. The 
frequency response of the plate liquid concentrations to feed concentra-
tion and reboil vapour flo" is obtained by makLng the substitution s = iw 
and by direct irwersion of the complex matr:Lx. 
BolliJ1ger (10) describes a similar study, but takes into account 
heat balances and gives some experimental results. 
Davison (25) derives a state-variable model of a binary distillation 
column and uses it to study the control of the column. The model 
assumes perfect plate efflciency, no liquid flo1; lags and uniform column 
pressure, but takes account of heat balances and column pressure changes. 
In addition to these numerical and analytical approaches, attempts 
have been made to derive simplified models and to determine limiting 
cases, usually by considering the transfer function or state matr:Lx. 
Lamb, Pigford and Rippin (56) derive by the clussical method the 
transfer function for the response of the top product concentration to 
reboil vapour concentration. The complicated transfer function is 
reduced to simplified transfer functions for the limiting cases of very 
low and very high frequencies (long and short times). The former is a 
single transfer lag, the time constant of ,mich is approximately propor-
tional to the square of the number of plates. 
Armstrong and \'lood (7) obtain a transfer function for the response 
of the plate liquid concentration to reflux flow, deduce a simplified 
trarsfer function for high frequencies and show that this is equal to a 
calculable number of equal transfer lags in series. 
Wi1de (104, 105) presents a theoretical study of the impulse response 
of the plate liquid concentrations to feed concentration. He assumes 
perfect plate efficiencies a.~ is not concerned with flow changes. Using 
the properties' of the plant matrix he derives a number of interesting 
results. One is that the l.ll1pulse response is alMlyS positive. &''1other 
is an expression for the initial value of the impulse response as a 
fu.~ction of plate number. Another is a method for calculatip~ the 
upper and lo.ver l:I.mits of the exponent ,lluch describes the dccay of the 
impulse response. As an application of this latter it is stated that 
other things being equal a distillation column has a longer settling 
time than an absorption column because of the effect of reflux. 
Rosenbrock (87,88) uses an entirely different approach and derives 
a quantity 1mch he calls the disturbance f'mction. The disturbance 
function can be used to set limits to the rate of change of column 
variables. He shows elsewhere (90) that the disturbance function is a 
Liapunov function for binary distillation. 
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Other workers have attempted to derive simplified models empiri~allyo 
Gilliland and Mohr (36) give simple transfer function models for the 
responses of top and bottom product concentrations to feed concentration 
in a binary system. A method of calculating the time constants of the 
models is given. This is based on theoretical considerations and on 
numerical experimentation using a relatively simple set of equations. 
Moczek, otto and Williams (69) also give simple transfer function 
models based ~irically on the simulation of a ternary system. The 
important parameter is the change of inventory time or time for the 
column holdup to be renewed. The time constants in the transfer func-
tions are related to this. The column studied is one making a high 
purity product in ,/hich pinch-generating transients can occur. It is 
not clear to what extent the method is generally applicable. 
Jafri, Glinski and Wood (48) describe experimental work in which the 
step responses of the plate concentrations to feed concentration, reflux 
and reboil vapour flow in a binary system are measured and fitted by 
tranafer function models consist~ng of hlo transfer lags. 
The da11gers of a purely empir~cal approach have, hOl'!ever, been 
pointed out by l10hr (70) 1\010 studied the effect of the equilibriUlll 
relation on simplified models. He concludes that ~t is difficult to 
derive such models because there is strong interaction behreen the 
different parameters. 
Osborne and l1addox (76) have suggested that the dynamic behaviour 
of a stack of plates may be reprecented by the single equation 
The last term represents the mass transferred in the section and the 
parameter J is obtained from steady-state data. They did experiments 
in a 5/8 in. diameter, 10-plate Oldershaw col= vlith binary and ternary 
mixtures. They found, hov~ver, that the system seemed very sensitive 
and they could not obtain agreement with experiment using the actual 
liquid holdup. 
3.3. Liquid Flow and Plate Efficiency in Unsteady-state Col= 110dels 
Two important features in unsteady-state models of absorption and 
distillation colUlllnS are the liquid hydraulics and the plate efficiency. 
The two are connected, since the liquid hydraulics occur on real rather 
than on ideal plates. 
The liquid holdup on a plate increases with the liquid flow, 
because the liquid head over the outlet weir increases. Although the 
liquid on the plate is in the form of a froth, the l"Tell-known Francis 
formula is reported to hold reasonably accurately for plates such as 
bubble-cap distillation plates (7'. The liquid holdup IIill\V therefore be 
written as 
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hfuich linearises to 
w =Tl 
n n 
where 
(3.6) 
From the unsteady-state mass balance the equation for the transmission 
of liquid flow changes is then 
d£ 
_n = I- -i 
dt n+l n 
hfuich is a single transfer lag. This equation has been used by a number 
of workers (7,74,83). 
There are, however, at least tl'/O other hydraulic effects. The 
first is that due to the variation of froth density ,d.th gas flOli. This 
effect was pointed out by Rijnsdorp (83), who expressed it in the form of 
the equation 
n w * 
" = _n + K g 
n T 2 
It has become known as the "K2 effect" (Rijnsdorp's K2 is here written 
as ~ to avoid confusion with the author's own symbol K2 ). The 
equation predicts that a step increase in gas flow results in instantane-
ous dumping of liquid from each plate. 
The other hydraulic effect is flow lag in the downcomer. The 
workers who have paid most attention to this are Peiser and Grover (79), 
who, as already mentioned, were concerned with a practical problem of 
flooding. Bollinger (10), on the other hand, discounts such an effect. 
Armstrong and Wood (8) calct':_ated the frequency response of the 
plate liquid concentration to reflux flow taking into account flow lags. 
They also calculated the response neglecting these lags and the response 
of the lags themselves. Yney found that the former was the product of 
the tIro latter. It is not, hOl:ever, clenr hOvf general 11 result this is. 
Some of the early vrork on the dynawics of absorption and distilla-
tion columns assumed perfect plate efficiency. Despite this assumption 
good agreement lvith experiment was sometimes obtained (102). 
In viel[ of Armstrong and Wood's (8) demonstration of the relatJ..vely 
l,eak coupling for flow lag effects, at least ~n some systems, 11 case 
could be made for retaining the thecretical plate concept pro~ded the 
liquid holdup associated with the plate is adjusted to take account of 
the holdup on the real plates. It is interesting therefore that ''lood 
(110) has recently made this suggestion. 
Some of the work in the literature does show an effect of plate 
efficiency (16), but no systematic study appears to have been made to 
determine how significant the effect is, although Bollinger (10) con-
siders that it is important. 
The value of the plate efficiency is an important difference 
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between absorption and distillation. In most distillation systems the 
relative volatility is comparatively low, the mass transfer is gas-film 
limited and the point efficiency is high. In many acsorption systems 
the gas is highly insoluble, the mass transfer is liquid-film limited and 
the efficiency is low. Some distillation systems such as those which 
occur in liquid drying are also liquid-film limited and have low 
efficiency, but this is exceptional. Thus, "Jhereas the value of the 
point efficiency in distillation is typically 50-100%, values of 10-50% 
are not uncommon in absorption. For this reason plate efficiency is 
likely to be more important in absorption. 
An early attempt to take plate efficiency into account was that of 
Willdnson and Armstrong (106), who use a pseudo-oqmlibrlwn line. It 
Has sh01m, h01{eVer, by Day (27) that th~s method is not valid. Desp~te 
this good agreement Has again obtained ~~th experiment. 
vrood and Armstrong (109) introduce a plate efficiency. The 
efficiency chosen is the liquid-phase plate efficiency. The advantage 
of us~ng this efficiency is that it is possible to write the basic 
~fferential-equation in terms of liquid concentration deviations ~thout 
introducing additional concentration terms 
A 
X - (1 + - + 
n+l a 
E 
.. J WS)X + ~ 
a L n a x = 0 n-l 
where 
(3.10 ) 
The liquid-phase effic~ency Has therefore used for convenienc~ (7). It 
has been extensively used in the Hork of Armstrong and Hood. 
,It is, hOHever, possible to use the gas-phase plate efficiency with-
out introducing additional terms provided the equation is written in 
terms of the gas concentration deviations. In ."roodls (110) most recent 
work, the gas-phase efficiency is introduced, though no explanation is 
given for doing this. 
There is also the problem of incomplete liquid mixing on the plate 
and of the relation between point and plate efficiencies at unsteady 
state. Hood (8) has shown that incomplete mixing on a single plate can 
give rise to large phase lags in the frequency response and thus intro-
duces an element of time delay. This effect is not usually taken into 
account. 
An unsteady-state model of the plate has been developed by TetloH, 
Groves and Holland (101, 44). Three liquid holdups are defined. One 
is the holdup t~ and from which mass transfer occurs. The other two 
holdups, which apparently represent primarily downcomer holdup, are a 
holdup '.>hich is perfectly mixed a.l1d another in .Mch there is plug floll. 
The liquid flow entering the downcomer is assumed to split three WJ{fS, 
two parts passing through these trro holdups and onc part bypassing them. 
All the hquid then flows through the mass transfer holdup. Graphs are 
given shovd.ng the effect on transient top product concentration of 
assuming different splits for the liquid flow for a particular worked 
example. The response for the case ,mere the liquid bypasses completely 
is nmch more rapid than for the other cases. 
The same Vlorkers (39,44) have a1o3o applied Holland's (43) vaporisa-
tion efficiency to the unsteady state. 
so that 
o 
= E .K .x . 
n,~ n,~ n,~ 
This is defined as 
(3.ll) 
This is, therefore, a nru.lticomponent version of the pseudo-equilibrium 
relation. The vaporisation is related to the plate efficiency by the 
equation 
EO • 
n,~ 
Y 1· 
= E . + (1 - E .) n- !~ 
g,n,~ g,n,~ * 
Yn,i 
(3.13) 
The vaporisation efficiency is assumed to be determined by a component 
factor Ei and a plate factor en so that 
Eo . E-n,~ = i en 
Values of these two factors can ap~Jarently only be obtained from opera.-
tional data and they vary with time. 
3.4. Unsteady-state Models of Packed Absorption Columns 
The literature on the d;ynamic behaviour of packed absorpti('l1 columns 
is nmch les s extensive. 
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The problel!l of single-fluid phase systems vJhich vary llith time, 
such as regenerators and flXed-bed ndsorbers, has been treated by a 
number of vlOrkers v/ho have based their approach on the early vlOrk of 
Anzelius (4) and Sch= (97). 
The first general treatment of the unsteady-state behaviour of 
differential countercurrent processes is apparently that of Jasvron and 
Smith (49). These authors reviel" the previous literature and conclude 
that the solutions obtained are for spocial cases only. They then 
derive and solve the general pair of coupled partial different.ial 
equations for differential countercurrent operations such as distilla-
tion, absorption, liquid-liquid extraction and heat exchange. 
For a packed absorption column the equations used are 
Uay 
--= 
at 
Gay *' 
-- + K a(Y - Y ) 
az g 
y*=a+f3x 
(3.15a) 
(3.15b) 
(3.16) 
The dependent variables in the equations are changed from Y and X to Y 
* and Y so that 
way*= * -Lay 
* + K~a(Y - Y ) (3.17a) 
at az 
UaY = GaY + K a(Y - y*) (3.17b) 
at az g 
* *. The independent variables t and z are changed to a and 13 usJ.IJg the 
relations 
a* = (Gt+Uz) (3.18a) 
UL+WG 
Ko. 
S * = ...... g-- (Lt - lIz) 
UL + llG 
The transformed equat~ons then reduce to 
~ = y - y* 
aCl 
aY * 
--*= y-y as 
(3.18b) 
(3.190.) 
(3.19b) 
The solution of these equations is a pair of Bessel function equations. 
The arbitrar,y constants in these equations are obtained from the boundar,y 
conditions of l\mch there are three, one each for the top and bottom of 
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the column and one for the initial state. The equations give the response 
of the gas and liquid concentrations throughout the column to the inlet 
gas and liquid concentrations. 
The equations described are a pair of coupled hyperbolic differential 
equations. Their behaviour has been discussed by Jaswon and Smith, by 
Rosenbrock (89) and by Rosenbrock and Storey (92). A disturbance enter-
ing one fluid phase at the inlet travels through that phase as a discon-
tinuity. The passage of the disturbance may be described in terms of the 
~stance travelled or the time elapsed, the two being connected by the 
holdup/throughput ratio or velocity. The disturbance travels along a 
trajectory Which is called a characteristic. The process is illustrated 
in Figure 3.1. 
z a 
t _ 
Figure 3.1 Behaviour of packed absorption column hyperbolic 
equations 
A disturbance ~n the inlcG gas concentration passes throueh the gas 
.·r.Lth a velocity u as u discontinuity along the trajector",f ab. Tho g 
area on the left of that line represents steady-state und on the right 
of it unsteady-state condLtions. There is no disconGinulty in the 
liquid concentration X, but there is a discontinuity in its derivative 
axl a z. \Jhen the disturbance reaches the other end of the column, 
the discontinuity a xl a z travels back through the liquid uith the 
velocity ug and is accompanied by a discontinuity in a Zy/ a z2 und 
so on. 
The effect of this process is illustrated by Jas1'1On and Smith, viho 
give the theoretical step responses of temperatures in a heat exchanger 
, to the inlet temperature. The responses are oscillatory, although the 
oscillations are not present apparently in the outlet temperatures. 
Rosenbrock (89) has drawn attention to the fact that the single 
differential equation model sometimes used to describe plate columns is 
parabolic and does not exhibit these discontinuities. It is argued in 
general by Rosenbrock and Storey (92) that hyperbolic equations are not 
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~ very realistic formulation of the situation in countercurrent processes, 
because they neglect the effect of longitUdinal mixing vihich always 
occurs to some extent. 
The gas and liquid concentration responses to inlet gas and liquid 
flows are apparently obtained by Jas''IOn and Smith by altering G and L in 
the relations for a* and 8* (equations (3.18a and 3.18b)). The 
theoretical responses for the concentrations in a batch distillation 
column to a step change in reflux novr are again oscillatory and the out-
let concentrations this time also shovr oscillations. 
Schiesser (94) and Hoerner and Schiesser (ii2) have derived the tvro 
partial differential equations of a packed absorption column using 
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transient deviations ap_d ta~ng account of gas and liquid flo11 changes, 
though not of flow lags, in the forr.mlation of the original equations. 
They solve these equations by Laplace transfoITJation, determination of 
the general solution and substitution of the boundary conditions to give 
a transfer function and substitution of s = i w to obtain the frequency 
response. The method is not unduJ,y complicated, but ~'iOuld probably 
become more-so if an attempt had been made to take account of liquid flow 
lags. 
Kropholler, Sp:iJd.ns and l'Jhalley (55) have given a sommvhac similar 
treatment of a packed batch distillation column for ~ch the transfer 
function was obtained and inverted. 
Hoer:mr and Schiesser also define a simplified model consisting of a 
time delay and a transfer lag for the response of the outlet liquid con-
centration to the inlet liquid flow. They carried out experiments in a 
6-in. diameter, 6-ft. packed-height column packed with Intalox saddles 
and operating on the system air-acetone~;ater and measured this step 
response. They then apparently calculated the two time constants of 
~he simple model by linear regression. They compare the frequency 
response of the simple model with that of the full model and obtain 
moderately good agreement. 
Gray and Prados (.38) investigated the longitudinal mixing in thc 
gas phase in a packed absorption column theoretically and experimentally. 
Their equations are analytical solutions of the frequency response of 
gas concentration in a packed bed with countercurrent gas and liquid flow 
using plug-flow, mixed-stages and eddy-diffusion models. The experimen-
tal system investigated was air-carbon dioxide~ter. For all three 
models agreement with experiment was good for the phase lags and poor for 
the amplitude ratios. Although a slight preference is expressed for 
the plug-flow model, it is concluded that none of the models described 
is really adequate. Buffham (13) has recently described an alternative 
model ,ihich has been successful in solving problems of this type. 
Doninger (29) and Doningcr and Stevcns (30) obtained the full 
theoretical frequency response of the outlet gas concentration to the 
inlet gas concentration for the column considered by Gray and Prados 
and then by quo.litative considerat~on of limiting cases derived a simpli-
fied transfer function of the form 
(3.20) 
l-ihich gives a similar frequency response. 
3.5. Simplification of Unsteady-state Models 
Theoretical unsteady-state models of chemical processes are often 
complicated, as with transfer-function models, or large, as with state-
variable models. The step response of such processes, however, is 
usually a relatively simple exponential or S-shaped curve. It should, 
therefore, be possible to reduce most complex models to more simple ones. 
In particular, the great body of classical linear control theory 
requires that the aystem to be controlled be expressed in the form of 
one of a number of relatively simple transfer functions. 
Workers ,/ho have done experimental investigations of plant dynamics 
have tended to express their results in the form of simple transfer 
function models. In this case, however, the models lack generality, 
although attempts may be made to relate the model parameters to the 
system parameters by empirical equations. This approach may be extended 
by using numerical rather than actual experimentation, since this makes 
possible the more rapid investigation of a wider range of parameters. 
The difficulties of this approach have been emphasized by Mohr (70). 
An alternative method is "LO darive the transfer function of the 
full model and then to simplify this for certain lj]niting cases. 
Ex~~les of this have already been given (7, 56). 
The most funda'llental method, however, is to =tch the full and 
simplified models according to some suitable criteria. Pioneering 
work in thii'l area has been done by Paynter (78) and by Pa;ynter and 
TakahaGhi (77). The method used by these workers is to match the 
moments of the impulse response of the t.ro models. The transfer func-
tion of the full model is derived and expanded as a series in the 
operator s. A generalised transfer function 
s2 s3 
In{ G(s)} = -1\s + T2 '2 - T3 '3 
is defined in which the terms of the expansion are the moments about the 
mean. By equating the coefficients of the terms in s for the tlro 
expansions, the parameters of the simple model are obtained. 
The main difficulties in applying the method are those involved in 
deriving and in expanding the transfer function. For the examples 
. given by Pa;ynter and Takahashi the mathematics is extremely complicated. 
No doubt for this reason the method seems to have been little used. 
Nevertheless, this work appears to be the only att~t to devise a 
general method for the simplification of transfer function models. 
Pa;ynter develops his method exclusively in terms of monotone pro-
cesses, but states in the discussion that the procedure seems to be 
valid for non-monotonic processes also and that he has used the method 
for such processes. 
The main difficulties involved in Pa;ynter1s method are overcome by 
the method of calculating the moments directly from the basic transformed 
equations described in this thesis. An alternative approach, in which 
matrix methods are used to derive the cunru1ants, has recently been 
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developed by !eropholler (54). 
In addition to the problem of determining the parameters of the 
simple model there is that of choosing its form. The simple model most 
,udely used is undoubtedly (9, 45, 59, 62, 63, 67, 85, 100) 
exp{-,s} 
G(s) = 1 
(1 +'2s )(1 +'3s) 
(3.22) 
or a simplification of this obtained by dropping one or more of the 
terms. It is of interest that this model is taken as standard in the 
recent book by Koppel (53), which is the most thorough treatment to date 
of chemical process control theory. 
The model, or one of its simplifications, is also vadely used in 
methods for the automatic identification of the dynamie characteristics 
of chemical processes such as that of Box and Jenkins (11, 12). 
A model of this form, however, cannot be expected to fit all systema. 
Some systems have responses which pass through a min:i.nnml, are oscillatory, 
exhibit discontinuities or are simply arbitrary in shape. ~fuile it may 
be possible to obtain simple models for some of these, others probably 
contain too much information to admit of much simplification. 
A well-known example of a transfer function of a different form 
occurs in heat exchangers where for some cases the exact transfer 
function is (41) 
1 - k exj;{ - , 1 S} 
G(s) = 
(1 + '2s )(1 + ',35) 
(,3.2,3) 
The simplification of state--variable models has been attenvted by 
Davison (24, 26), Nicholson (7,3), Marshall (65) and Chen and Shiell (20). 
The method used by the first three workers relies on the retention of 
the dominant eigenvalues only. Davisonts method appear's the most flex-
ible of the three and can handle oscillatory responses, but the steaqy-
-state values obtained can be in error. Marsha:ll1s method gives the 
correct steady-state solution, but can give transient solutions ,mich 
are quite vlI'ong. 
Chen and Shieh give a method of simplifying a transfer function 
model vihich has the numerator and denominator in the form of polynomials 
and relate this to its corresponding state--variable model. They then 
show h01'1' this latter can also be simplified. The technique does not, 
hOl'lWer, appear to be applicable to an arbitrary state matrix. 
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4. THEORETICAL UNSTEADY-STATE HODEIS OF PLATE GAS ABSORPTION COLIDJNS 
4. THEORETICAL UNSTEADY-STATE MODELS OF PIATE GAS ABSORPTION COLUMNS 
4.1. Assumptions 
The theoretical models of the plate absorption colwnns are based on 
the isothermal absorption at about atmospheric pressure of a single 
solute gas from an inert gas under conditions mere the steady-state gas 
and liquid flows are substantially constant (variation ~ 10%) and mere 
the solute concentrations are low ( ) 10%). 
The liquid holdup consists of a static holdup below the top of the 
weir and a dynamic holdup above it. The gas holdup depends on the gas 
space above the plate and the absolute pressure. The pressure drop is 
made up of a constant part due to the liquid seal and a part wch varies 
with the gas flow. 
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The vapour-liquid equilibrium is a straight line with the same slope 
on every plate and the plate efficiency is a constant with the same value 
on every plate. 
An expression is derived for gas flow lags, but in the main equations 
these are taken as negligible. Gas holdup is taken as zero for reasons 
explained below. The liquid flow lags depend on the head aver the weir. 
The equations have been written in terms of mole frac'ions rather 
than mole ratios, because the use of mole ratios renders the expressions 
for holdup more complicated. 
Several models are given and not all these assumptions are needed in 
every case. Thus in the most general model given the values of the slope 
of the equilibrium line and the plate efficiency can vary between plates 
and Rijnsdorpfs (83) K2 effect is taken into account. 
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4.2. Plate EffJcJency 
The use of the concept of plate effJ.ciency in dynrunic models raises 
several problems. These are concorned l·Jith the definition of the 
eff~cJ.ency, its constancy on a sJ.ngle plate at unsteady-state and its 
constancy throughout the column at steady-state. 
Both liquid- and gas-phase plate efficiencies have been used in the 
literature. In particular Wood initially used liquid-phase efficiency 
(7,8), chosen admittedly for convenience, but has recently used a gas-
phase efficiency (110). 
Unsteady-state equations s~nilar to those given in this section 
were originally formulated using the liquid-phase efficiency for the 
liquid concentration equations aDd the gas-phase efficiency for the gas 
concentration equations (40). The frequency responses obtained for the 
laboratory column described in Section 6 appeared to give sensible 
results. It ,taS found, however, during further work on the system that 
the attempt to calculate the gas concentration responses using the liquid 
concentration responses and the plate efficiency definition gave results 
which were clearly wrong. 
Eg = 0.64 
~ = 0.0109 
Et = 0.0190 
The parameters of the column are 
"-
so that the liquid-phase efficiency is low. 
The flaw in using the liquid-phase efficiency 
can ~e seen by letting the efficiency tend to zero, when 
~ =~+l 
(4.1) 
This identity is not consistent mth a liquid holdup the CO[,CE41tl'ation 
of vnllch changeo gradually mth time. The use of the ga9-phaoe 
efficiency 
gives 
at zero efficiency, lmch is acceptable. Therefore if there is a liquid 
holdup, but no gas holdup, the gas-phase efficiency should be used. 
If, however, it is desired to take into account the gas holdup also 
it is necessary, following Calvert and Coulman (16), to define an 
additional gas-phase concentration, so that there is a distinccion 
betJ'leen the gas concentration leaving the liquid and that in the gas hold-
up. Alternatively, once the use of an additional variable is accepted, 
it is also possible to use the liquid-phase efficiLncy in conjunction 
with an additional liquid concentration. 
The variation of the plate efficiency on a single plate under 
unstea4y-state conditions is the most difficult problem. It has two 
aspects, the change of point efficiency l'1ith gas and liquid flows and the 
relation betl'lSen the point and plate efficiencies in transient operation. 
The equation for point efficiency is 
E = 1 - exp {-K aZ/G} gp OG "-
This indicates that if the efficiency is alrea4y high, it is not likely 
to vary much with the operating conditions, but if it is low, then such 
variations may be significant. 
The work of Wood (8) and of Tetlow, Groves and Holland (101) 
indi cates that the effect of incomplete mixing on plates InaiY' be signifi-
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-cant in l.ts effect on ll.'1steady-state behaviour, but little information 
is available on this. 
The varl.atl.on of plate efficl.ency up the column at steady state 
presents less difficulty and can be determl.ned by normal deSl.gn methods. 
It :LS important to distinguish betl-reen difficulties arising from 
lack of information and those associated lv.Lth solution of the equations. 
The problem of the transient relation betl'leen point and plate efficiency 
is largely due to the former, l;hile that of the variation of point 
efficiency on a plate and of variation of plate efficiency up the colu.~n 
is due to the latter. 
In the treatment given belov' it is assumed that the gas holdup is 
negligible and the gas-phase efficiency is used. This efficiency is 
normally assumed constant, though its variation up the column is allolled 
for in the most general models given. 
4.3. Basic Equations 
The basic equations for the plate absorption column are as folious. 
The overall mass balances on a plate are 
dWn = 
dt 
:~n = G - G n-l n 
and the solute mass balance is 
d(WX) 
dt n = (LX)n+l + (GY)n-l - (LX) - (GY) n n 
The liquid and gas holdup relations are 
g 
W = K + K 13 
n 1 2 n 
u = K P 
n 3 
(4.6) 
The second term in equation (4.7) represents the head over the weir 
according to the Francis formula. The pressure drop relatlon is 
-dP 
_n= 
dn 
In equation (4.9) the second term represents the pressure drop through 
the bubble-cap slots. The index of tills term is based on the \vork of 
Rogers and Thiele (84) and of Cross and Ryder (22). 
The vapour-liquid equilJ.briwn relation is 
* Y=Cl+aX 
The plate efficiency relations are 
The equation relating the plate efficiencies (96, p.158) is 
E = t 
where 
, 
>. = 
E + (1 - E )/'A g g 
Q.s 
L 
Equation (4.13) holds only at steady state. 
4.4. Steady-state Equations and Solution 
(4.10 ) 
(4.11) 
The linearised unsteady-state equations contain coefficients in 
which occur the steady-state liquid and gas concentrations X and Y . 
n n 
Equations are therefore required which give these concentrations. 
At steady state equations (4.6), (4.10) and (4.11) become 
L(Xn+l - Xn) + G(Yn-l - Yn ) = 0 
-* + f\ n Xn (4.16) Yn = an 
y - y 
E = n-l n (4.17) g 
- -* Yn- l - Yn 
If the equilibrium relation and plate efficien~ are different on 
each plate equations (4.15-4.17) rearrange to 
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n=N (4.18a) 
1~ n< N 
(4.18b) 
'Where 
~ _ f\ n+l Egn+l 
-n f\ n Egn 
and 
11 = 1 - E (1 - A ) 
n gn n (4.20) 
. If the equilibrium relation and plate efficiency are the same on 
each plate equations (4.18a - 4.18b) reduce to 
llY =-a N-l 
llY = 0 
n-l 1~ n< N (4.21b) 
The steady-state gas concentrations can be calculated from equations 
(4.18a - 4.18b) or (4.21a - 4.21b) by matr:ix inversion and the liquid 
concentrations can be obtained from the gas concentrations and eqqation 
(4.11). 
If the unsteady-state equations are to be solved using finite 
difference methods, the steady-state concentrations in these equations 
must appear as functions of plate number, so that equations (4.18a - 4.18b) 
cannot be used. In this case it is necessary to solve equation (4.21b) 
, -
------------------- - - - - ---------------
o.lso by finite difference methods. The general 6olut:LOn of the 
equatlOn is 
- n Y
n 
= A + B 11 (4.:>2) 
"mere A and B are arbitrary constants. Since the plate efficiency is 
imperfect, the nature of the bou.~dary conditions requires an additional 
equation (66, p.$O), 1;hich is obtained from equations (4.22) and (4.1l) 
y* = A + BAil n-l 
n 
The boundary conditions are 
Then 
- -
,n =OY =Y 
'n 0 
vlhere 
p = 
Yo - ( cd {3~+l) 
1 - All n 
Also 
~ = Y
o 
- a - p (1 - All n-1) 
{3 {3 
y - y = p (1 - 11 )" n-1 
n-1 n " 
~+1 - Xn = 1 (1 - 11 ) All n-1 
"-
4.5. Linearised Unsteady-state Equations 
The basic unsteady-state equations may be linearised by lriting 
each variable as the sum of its mellll steady-state value and of its 
1,0 
unsteady-state variation about this mean, neglecting seco~~ order terms 
and subtracting the steady-state equations. Equations (4.4 - 4.11) then 
become 
du 
n 
dt = gn-l - gn 
Wdx 
n - -
dt = 1(Yn+l - xn) + G(Yn-l - Yn ) 
where 
T = 
u =Kp 
n .3 n 
-dp 
_n 
= K6gn dt 
where 
K6 = ~ 3CP 
~ = a xn 
E = 
Yn- l - Yn 
g 
* Yn-l - Yn 
(4.30) 
(4.31) 
(4.32) 
(4.35 ) 
(4.37) 
Equation (4.31) is obtained from equation (4.6) by expanding the 
variables as described, by subtracting the stea4y-state equation (4.15) 
and by. subtracting also equation (4.29) multiplied by X. This removes 
n 
from the left-hand side of the equation the term Xndwjdt so that only 
hl 
the term W dx /dt remains. It also has the result that the only liquid 
n n 
flow deviation term on the right-hand side is j, n+l and that the term in 
does not appear. 
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If the unsteady-state deviations in equations (4.29 - 4.38) are taken 
as zero at zero time, the Lap1ace transforned form of the equations is 
sw=l -l n __ n+1 n (4.39) 
su = ~g - ~g 
n n-1 n (4.40) 
l1SXn = L(xn+1 -~) + G(Yn-1 - Yn ) 
+ (Xn+1 - xJi n+1 + (Yn- 1 - Yn)g 
wn = T~ 
(4.43 ) 
(4.45) 
4.6. Solution of Unsteady-state Equations to obtain Transfer Functions 
4.6.1. Liquid Flow 
The response of the liquid flow to the inlet liquid flow is obtained 
from equations (4.39) and (4.42) and is 
~ 
in 1 
In+1 = l+Ts 
(4.47) 
-in 1 
IN+l = 
N+l-n 
(1 + T s) 
(4.48) 
-~ 
= 
1 
IN+l (1 + T s)N 
If the K2 effect is taken ~nto aCcolUlt, then fo1101ung RijnsdoI1J (83) 
and Hood (110) 
I = 
• n 1 I + K*~ _ 1 ~g " N+l 2 (1 + T s)N+l-n (1 + T s)N+1-n (4.50) 
The liquid flo1~ deviation \\mch occurs in the gas concentration 
~ 
~+1 = 
.e. n+l and for this 
1 _ 4,+1 + K~(l _ 1 \g 
(1 + T s)N n \ (1 + T s)N-n) 
(4.51) 
equations is 
4.6.2. Gas Flo11 
The response of the gas flow to the inlet gas flow is as fo11ov/S. 
Differentiating equation (4.44) and combining it with equations (4.40) 
and (4.43) 
d2-.. ~n 
dn2 
mere 
- D P = 0 1:n 
Dl = K3K6s 
Integrating equation (4.52) 1'1ith the boundary conditions 
n=N~p =0 
, n 
gives 
~ p = 
n 
mere 
Hence 
exp { - j(D1 )n} + D2 exp {j(D1)n} 
1 + D2 
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and 
~~ exp {-J(Dl)N} + D2 exp {J(Dl)N} 
go = 1 + D2 
= sech { J(Dl )})} (4.57) 
4.6.3. Gas Concentratjon Eouation 
-
In this and the follo,r.ing Sections equivalent forms are given for 
some of the equations, the object being to retain generality l;bile 
shovr.ing the connection with parts of the ,lOrk already published. 
If the equilibrium relation and plate efficiency are different on 
each plate, equations (4.31), (4.37), (4.38) and (4.51) rearrange to 
n=N (4.58a) 
- E 8 (Xn+l - Xn) -= --1ill n i N+l 
L (1 + ~Ts)N-n 
_~an ("""- x,,)r,~ - (1 +',,>,,~ + (Yn-1- Yn») go L 
]. " n < N (4.58b) 
rmere 
T = W (4.59) w L 
If the equilibrium relation and plate efficiency are the same on 
each plate and if the ~ effect is neglected, equations (4.58a-h.58b) 
reduce to 
~5 
E B x.'+l - (E + II + ,- s)y" + (ll + (l-E ) ,- s)YN 1 gN g W" gw-
_ E B - - I E B - _ y )~ 
- - t (~+l -~) N+l - t (YN- l N go n=N (4.60a) 
Yn+l-(l+ll + '-s)y +(ll + (l-E ) '-s)y 1 w n g 1'l n-
1 ~ n < N (4.60b) 
If equations (4.27) and (4.28) are substituted in equations (4.60a -
4.60b). the latter become 
n=N (4.61a) 
Yn+l - (1 + II + '-ws)Yn + (,ll + (l-Eg) '-wSffn-l 
E Ph (1- ll) lln-l ~ =~ i N+l -L (H ,-sl-n 1::: n< N (4.61b) 
4.6.4: Outlet Gas Concentration Response to Gas and Liquid Concentrations 
The response of the outlet gas concentration to the inlet gas and 
liquid concentrations is obtained from equation (4.61b) neglecting the gas 
and liquid flow deviations 
Y +1 - (1 + II + ,- SlY + (" + (l-E ) ,- s'fY 1 = 0 (4.62) n wn ~ gwn-
Equation (4.62) may be solved by finite difference methods. The 
general solution is 
n n 
Yn = A ~ + B P2 (tj:.63) 
where A a~d B are arbitrar,r constants and 
p., = i (~+Il + T s) +,Jf (1+11 + T s)2 - 4( 11 +(l-E ) T s») (4.64a) 
. J. W W g v[ 
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As in the steady-state case all. udchtional equation ~s required D.!l.d this is 
obtained from equations (4.63) and (4.46) 
,;here 
\l = 
(1 - (l-Eg)/ P 1) 
1 E g 
\l = 
(1 - (l-Eg)/P 2) 
2 E g 
The boundary conditions are 
n=O~y =~y 
'n 0 
Then the response to the gas concentration is 
N+l N 
I:t. PI' P:2 -
NH 
I:t.PI 
NH N 
12,P:2 'Pl 
N+l 
12P:2 
and the response to the liquid concentration is 
N N 
S( PI - P2) 
N+l N+l IJ.. 11. - Ilz P2 
4.6.5. Outlet Gas Concentration Response to Gas and Liquid Flows 
(4.66a) 
(4.66b) 
(4.68) 
The response of the outlet gas concentration to the inlet gas and 
liquid flows is obtained from equations (4.61a) and (4.6lb). The response 
to the gas flow may be expressed in the form 
~ () N-l YN EgPS l- \l 
;;-= 2: 
go L GN 
i N-(i+l) 
\l G G. 
~ 
i=o 
G = 1 +11 + \rs 
G*= 11 + (1 - E ) T S g W 
t G=E + 11+ TS g w 
G. = 0 
J. 
=1 
= 00. 1 - G *G. 2 J.- J.-
i=O 
i=l 
l<i<N 
i=N 
The response to the liquid flow may be expressed as 
YN E PA (1-11) N-l i G* N-(Hl) G. ~+; -~ ~ 11 (1 +T s)N-(i~l) 
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(4.70a) 
(4.70b) 
(4.70c) 
(4.71a) 
(4.71b) 
(4.71c) 
(4.71d) 
4.6.6. Outlet Liquid Concentration Response to Gas and Liquid Concentrations 
The response of the outlet liquid concentration to the inlet gas and 
liquid concentrations is obtained from equations (4.67) and (4.68) together 
with equation (4.46). The response to the gas concentration is 
N N 5lJ. = ( P;t - (l-Eg» (P2 - (l-Eg »( PJ. - Pz) 
Y 0 Eg a ( IJ. P;t N+l - 12 PzN+l), 
and the response to the liquid concentration is 
N+l) 12Pz 
4.6.7. Outlet Liquid Concentration Response to Gas and Liquid Flows 
The response of the outlet liquid concentration to the inlet gas and 
liquid flows is again obtained from equations (4.61a) and (4.61b). The 
response to the gas flow is 
~ 
"'i 
-= 
go 
, 
=G 
=1 
N-l 
L i g(l - li) )l Gi +2 L Gl i=o 
The response to the liquid flow is 
~ N-l i ~ = _ Q,(l - 11)_ '" )l Gi+2 . 
4<+1 L S Gl ~ (H Ts)N-(J.+l) 
i < N 
i=N 
i = N+l 
(4.75 ) 
(4.76a) 
(4.76b) 
(4.76c) 
An alternative method of solving equations(4.61a - 4.61b) to obtain 
the frequency response is to make the substitution s = i'f and to invert 
the resulting complex: matrix. The method has been used by vlood (llO). 
4.6.8. Additional Solutions for Outlet Liquid Concentration Response 
For perfect plate efficiency and for responses to concentration changes 
,only equations (4.60a : 4.60b) reduce to 
xn+l - (1 + A + \,s)i£tA' Xn- l = 0 (4.78) 
Equation (4.78), vfuich is that originally derived by Marshall and Pigford, 
can equally well be written in terms of the gas concentratio'l. 
The solution of equation (4.78) for the response of the outlet liquid 
concentration to the inlet liquid concentration is given by equation (4.74), 
vfuich reduces to 
where 
PJ. = i (1 + A + V) +'jr<l + A + V)2 - 4A ») 
P2 = ~ (1,+ A + V) -.;r(l + A + \,s)2 - 4A ») 
(4.80a) 
(4.80b) 
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An alternative method of solution of equation (4.78) is to transform 
it to a differential equation in which the independent variable is distance 
up the column. The method has been used by Wilkinson and Armstrong (102) 
and is described by Rosenbrock and storey (92). Defining a plate spacing 
p such that 
p = N ; 1 (4.8la) 
-* "'if W = - (4.81b) p 
* w* T = - (4.81c) 
W L 
and carrying out a Ta;r10r expansion 
d5t d2x 
x = x + _n + 1 _n (4.82) 
n±l n - dz 21 dz2 
equation (4.78) becomes 
d~ 2(1 - A )clXn 
- + -
dz2 (1 + A )dz 
The solution of equation .(4.83) is 
xn=Aexp{ P3 z} +Bexp{ P4 z} 
-where A and B are arbitrary constants and 
= ~ (_ 2(1 - ~) + ( en _A»2+....L i.*s)t) 
P:3 (1 + A) (1 + A) (H A) ,{ 
P =! (_ 2(1 - A) _ ( (2(1 - A~ ~ ....L ./s)t\ 
4 (1 + A) (1 +A) (HA) w J 
The boundary conditions are 
Yo 
z = O.~ =Xo = "] 
z = z,~ =~+1 
'Then the response to the liquid concentration is 
, 
(4.85b) 
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(4.86) 
se. exp {P3 Z} - exp {P 4 Z} 1-1+1 
The solutions given EO far can all be used to obtain the frequency 
response by the substitution s = iw , but most are not easy to invert to 
obtain the time responses. 
The time -responses are, however, readily obtained for equations (4.49) 
and (4.79). These are given in Appendix 1. 
4.7. Rearrangement of Unsteady-state Equations to obtain 
State-Variable Hodel 
The equations required for a state-variab1e model are equations (4.29), 
(4.31), (4.32), (4.37) and (4.38). The first two of these ~ be written 
in the form 
1 = .1.n+l _ in 
n T T 
In order to eliminate the gas concentrations in equation (4.88) it is 
necessar,r to derive an equation for the gas concentration. From equation 
(4.37) and (4.38) 
y = E a x + (1 - E)y 1 
n g. n g n-
A similar equation can be derived for y l' Then substituting for the n-
latter in equation (4.89) and repeating the process gives 
n-l . 
y = E a (x +~ (1 - E )~ x .) + (1 - E )n y 
n g nL.J g n-~ go 
i=l 
From equation (4.90) 
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n-2 
Y - Y = -E S x + E DX - E D ((1 - E)~ - (1 - E )~)x . 2 L .+1 . n-l n g n g "n-l g" g g n-l-~ 
i=l 
n-l n + ((1 - E) - (1 - E) )y g g 0 
Substituting equation (4.91) into equation (4.88) gives 
x ~ = ...1l+1 
n 
(1 + E A)X E 2 A :x: 
_--,g,,-- n + -E...- n-l 
n-2 E A .+1 . 
_.J.L:.... "" ((1 - E l - (1 - E l)x . L-t g g n-l-J. 
TW i=l 
(4.91) 
A {X - X )f, (Y -Y)g 
+_ ((l-E )n-l _ (l-E )n) + n+l n n+l + n-l n 0 (4.92) 
g g Yo L L 
STW TW TW 
Equations (4.87) and (4.92) can be written as a state variable model 
of the general form 
• x =Ax+ Bu 
--
where ~l 
(4.94a) 
~ = iN 
~ 
~+l 
(4.94b) 
<-------------- --
j" 
.£2 i3 i ll- 2 f- in ;(2 ~ "11-1 '-n xl '_A '1-:-2 ~ 11-1 
-' 
-1 1 0 0 0 0 0 0 0 0 0 0 £1 
T T 
0 -1 1 0 0 0 0 0 0 0 0 0 £2 
"[ T 
0 0 -1 01 0 0 0 0 0 0 0 0 
.£3 
T 
0 0 0 -1 1 0 0 , 0 0 0 0 0 
'£1I-2 T T 
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.eN (h.94d) 
x 1 
x 2 
~-2 
~-l 
In equations (4.94c - 4.94d) the variables to which the coefficients in 
the matrices A and B apply are shown for convenience along the top and dOlm 
- -
the right-hand side. 
Equation (4.93) gives the liquid concentrations. 
tions can then be calculated from equation (4.90). 
The gas concentra-
5h 
4.8. Characteristics and Solution of State-Variable Eauations 
The state-variable model in the form given in equation (4.93) can bo 
usod directly in control system design. It may also be used to calculate 
the time responses, either using a method for nUl'lorical integration such 
as the Runge-Kutta or by determining the characteristic roots and using 
matrix methods. 
In applying the latter method, however, it has been found in most 
cases investigated that for imperfect plate efficiency the characteristic 
roots are complex. This makes the use of matrix techniques rather more 
complicated than if the roots are real. The methods used for real ~~ 
for complex characteristic roots are outlined in Appendix 2. 
• 
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5. T1IEOIlETICAL UNSTEADY-STATE MODEL OF PACKED GAS ABSORPTION COWl1NS 
5.1. Assumntions 
The theoretical model of the packed absorption column is based, lil,e 
that of the plate column, on the isothermal absorption of a single solute 
gas from an inert gas under conditions vihere the steady-state gas and 
liquid flo"s are substantially constant and vihere the solute concentrations 
are sma1J.. The vapour-liqllld equilibrium line is assumed to be straight. 
The liquid holdup is taken as a linear function of liquid fl01, and 
consists of the static and of the dyn~~c or operating holdup. The gas 
holdup is proportional to the voidage of the packing and to the absolute 
pressure. 
The gas flow is assumed to respond instantaneously, but the effect of 
gas holdup is taken into account. 
It is assumed that the only effect of longitUdinal mixing is on the 
steady-state mass transfer coefficient and that for sma1J. changes this 
coefficient can be expressed as a line~ function of the gas and liquid 
flows. 
5.2. Basic Equations 
The basic equations for the packed absorption column are as follovro. 
The overall mass balances are 
au =_~ 
at a:r; 
and the solute mass balances are 
= a (LX) 
az: 
+ ~G a (y - y*) 
(5.2) 
a(uy) = _ a(GY) - Ko~ 11 (Y - y*) 
at az u 
The liquid a~d gas holdup relntlons are 
u = K P 
:3 
The pressure drop relation is 
The vapour-liquid equilibrium relation is 
* y=SX 
The mass transfer coefficient relation is 
5 • .3. steady-state Equations and Solution 
At steaqy-state equations (5 • .3), (5.4), (5.8) and (5.9) become 
L ciX = - K a (Y - Y *) 00 dz 
G dY = - KOO a (Y - Y *) 
dz 
-* y = S X 
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(5.6) 
(5.8) 
(5.10) 
(5.11) 
Differentiating equation (5.10) and combining it with equations (5.11) 
dX 
- C -
1 dz 
= 0 
where 
Integrating equation (5.13) ,uth the boundary conditions 
z=o 
z=Z 
gives 
x = X 
Hence 
clX 
= 
dz 
.. mere 
C2 = 
and 
rfi = 
dz_ 
;/here 
(exp { Cl Z } - 1) 
C2 exp {Cl z} 
(Xb - Xt) Cl 
(exp { C1Z } - 1) 
(5.16) 
(5.17) 
(5.18) 
Equations (5.16) and (5.18) give the steaily-state gas and liquid con-
centrations, vihich are required for the solution of the unsteaily-state 
equations. 
5.4. Linearised Unsteady-state Equations 
The basic unsteaily-state eqt;ations may be linearised and transformed 
in the usual way, as described in the previous section. The equations 
then become 
sw = 
-s u 
d-
= - gg 
dz 
(5.20) 
(5.21) 
5'1 
- & ctX 7i' - • -_. 
= L -- + -.& + K a (? - Y ) + a (Y - Y )k 
cJz dz oG 00 
- ~ - BY dY - - -. --. Usy =;- G dz - dz g - KoG a (y - y ) - a (Y - Y )kOG 
w = K21 
11 = K3 P 
~* ~ y = Il x 
k = y 1 00 1 
5.5. Solution of Unsteady-state Equations to obtain Transfer Function 
5.5.1. Liquid Flow 
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(5.Z7) 
(5.28 ) 
The response of the liquid flow to the inlet liquid flow is obtained 
as follo,lS. From equations (5.20) and (5.24) 
(5.30) 
Integrating equation (5.30) with the boundary condition 
z=Z 
gives 
I 1f
t 
= exp { - K2s(Z - z)} (5.31) 
At z = 0 
,mere 
------
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The response of the gas flow to the inlet gas flolT is obtained tn the 
same llay as tn the previous section. Thus 
= 
exp { -J(D1 ) Z} + D2 exp {J(DJ ) Z } (5.34) 
where 
5.5.3. Outlet Liquid and Gas Concentrations 
~1e responses of the outlet liquid and gas concentrations to the inlet 
liquid and gas flows and concentrations are obtained as fol101vS. Combining 
equations (5.10), (5.16), (5.28) and (5.29) with equations (5.22) and (5.23) 
Assuming that the gas flow response is rapid 
Combining equations (5.31) and (.5.39) with equations (5.37) and (5.38) 
(5.40) 
'i!1ere 
L 
D = _ (u s + Kma) g 
G 
y l. C3 D9 = _ exp {- K2 s Z } 
Km 
y 2 ) 
- C 
- 3 ROG 
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(5.42a) 
(5.42b) 
(5.42c) 
(5.42d) 
(5.42e) 
Although it is in principle possible to solve equations (5.40) and 
(5.41) by the conventional method used in subsection 5.3 for the solution 
of the steady-state equations, the elimination of the arbitrar,r constants 
by the substitution of the boundar,r conditions gives rise to very unwieldy 
expressions and an alternative approach has been used. Equations (5.40) 
and (5.4]) can be ,Il'itten in the form of the matrix equation, 
:x: = A:le + B (z) rv _ _ _ 
where [~] x = 
-
[D3 D4] A = 
- D7 D8 
B = 
t, "'" ( Dil ' ) ~t D6 .., ( '1' ) ~~] 
-
D9 exp { DU Z } it DlO exp { Cl Z } gb 
Integrating equation (5.43) with the boundary conditions 
z=o 
where 
x =x. 
- -J. 
gives (3, p.198) 
x = exp { A Z } x. + 
- _....J. 
Z f exp { ~ (Z - z)} 1!. (z) dz 
o 
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(5.46) 
The exponential matrix may be evaluated using Sylvester1s theorem (50, 
p.458) 
exp{Az} 
-
2 
= - L 
j=l 
exp{A.Z} 
J 
(5.47 ) 
The adjoint matrix required in this equation may be calculated from the 
relation (33, p. 75) 2 
F ( ).) = - rI f ( Ai) 
j I ifj I (5.48) 
where the characteristic matrix is 
The derivative w.i.th respect to 'J of the determinant of the characteristic 
matrix is 
(5.50) 
FroD. the characteristic egyation the hlO characteristic roots are 
~ = 1 (5.51a) 2 
= DJ + DS -.../C(DJ - DS)2 + 4 DL.D7) 
A2 (5.51b) 
2 
The response of the outlet liquid concentration to the four input 
-
variables is then given by the equation 
Xt = (f* ( Al)( A2 - DJ) + .f* ( A2)( Al - DJ) ); 
+ ( f* ( "1)( - D4) + f* ( A2)( - D4) ) Yb 
- 1) 
-l»){ 
- 1) 
(5.52) 
where 
The response of the outlet gas concentration to the four input variables 
is given by the equation 
Yt =' ( i* \ A1 )( - D7) + f*C A2 )( - D7) ) ~ 
+ (f *( A1)( A2': De) + f *( )..2)( "1- Ds) ) Yb 
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-1) 
-1) )1 
t 
-1) 
The frequency response of the output variables may be obtained from 
equations (5.32), (5.34), (5.52) and (5.54) by the substitution s = iw in 
the usual way, as described in the previous Section. 
6. EXPEPJJ1ENTAL APPARATUS AND METHOD AND SlEADY-STAlE PARAl1ETERS 
6. KXPE1UllEI!TAL APPARATU3 AIm llEYrIJO AND STEADY-STATE PARfel1;TEP5 
Experinental deterrninatlons of the frequency respom:;e of plate and 
packed absorption colunms have been carried out so that the results obtained 
can be compared lnth the theoretical responses. Experiments have been 
conducted using the air-ammonia-w~ter system in laboratory plate and packed 
colunms a~d using the inert gas-hydrogen chloride~~ter system on a full-
scale plant colunm. 
6.1. ExDerimental Apparatus and Hethod 
The experimental rig is shown in Figure 6.1. The water used was 
tovms water. There l"1Ore on the inlet ,roter line a hand control valve, a 
rotameter, a thermometer, an orifice plate and an automatic control valve. 
The gas used was a m:Ucture of air and ammonia. On the air and ammonia 
lines there ,rere needle valves and rotameters and on the inlet mixed gas 
}ine a thermometer, an orifice plate, an automatic control valve and an 
analysis point. The outlet water line was provided ;rl.th an electrical 
conductivity cell and an analysis point and the outlet gas line ;rl.th an 
analysis point, an orifice plate and a thermometer. 
The apparatus was designed to allow the responses to changes in gas 
and liquid flows and also gas concentration to be measured, but the latter 
was not investigated. 
A liquid pool was maintained in the bottom of the colunm in order to 
ensure that the conductivity cell ran full and the level of this pool was 
fixed by a luted offtake. 
The outlet liquid flol~ for the plate column was measured by replacing 
the lute ;rl.th a graduated measuring cylinder and timing the rise and fall 
of liquid in the cylinder ;rl.th a constant offtake from the bottom of the 
cylinder. For the packed colunm t:.e lute was retained and an orifice plate 
was inserted in the line between the bottom of the column and the lute. 
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SinusOJ.dnl signnls Here :unpressed on the inlet liquid dlld r:rLxed go.s 
control valves by a pne=tic sine-':D.ve generator. Fast-response pressure 
transducers llere used to convert the signnls from the or:Lf~ce plates u!1d 
the s~ne-wave generator to electricnl signals. These s~gnnls and that 
from the conductivity cell were recorded on a multi-cha~el recorder using 
ultra-violet-sensitive paper. 
The amplitude of the sine wave impressed on the inlet liquid and gas 
+ flo1V13 'fas - 10% of the mean value. The experJlllental results are expressed 
as an amplitude ratio and a phase angle. At steady state a unit change in 
the input signal results in a change in the output signal vmch is knovm as 
the potential value. Vllien the input signal varies sinusoidally the ampli-
tude cf the output signal for an input signal of unit amplitude is attenuated. 
The ratio of the attenuated amplitude to the potential value is the amplitude 
ratio, vhlch is therefore dimensionless and less than unity. 
On the full-scale plant column a sine-wave was impressed on the inlet 
water flow control valve and the outlet liquid responses vlere measured 
manually. For the outlet liquid flow response the liquid was aJlOlved to 
flow out through a lute and the flow was then measured by a rotameter. For 
the outlet liquid concentration response the liquid pool was drained from 
the bottom of the column and frequent liquid samples were taken and analysed. 
6.2. Laboratory Plate Column 
6.2.1. Column Internals 
The column was constructed of standard QVF glass colUlll!l, sections 4 in. 
i.d. x 12 in. high. The plates were made of stainless steel and consisted 
of a disc 4~ in. o.d. x ! in. thick welded inside a thicker anrrulus 5~ in. 
o.d. x i in. thick. A circular weir, a cylindrical downcomer and two 
bubble-caps were located symmetrically on a 2~ in. p.c.d. The weir and 
downcomer were 1 in. i.d. and the weir was 2 in. high. The riser was 
~ in. i.d. x li in. high aJ"..d the caps Here 1 m. o.d. x l~ in. high ldth 
12 slots 1 J.n. high x 3/32 in •• r.i.de. Six identical plates 1'Iere used, 
except that tho do,mcomer of the bottom plate was luted to prevent passage 
of gas. There Here gas and liquid sample points on each plate. 
6.2.2. Operating Conditjons 
The column vTaS operated in all experiments at the follovr.i.ng mean con-
ditions: 
liquid flOll 446 lb mole/ft2n 
Gas flow 6.4 lb mole/ft2n 
Gas concentration 10% vol/vol NH3 
Temperature 20°0 nominal 
Pressure 1 atmosphere absolute 
Under these conditions the concentration of ammonia in both gas and 
liquid phases is low and absorption is isothermal. The equilibrium 
relation is 
Y* = B X 
B = 0.76 
This value is taken from Perry (88) and corresponds to 200 0. 
6.2.3. Gas and liquid Holdup 
Experiments were carried out to determine the steady-state parameters 
of the column. The liquid holdup was measured by operating the column 
vr.i.th air and water only, shutting off the water and collecting the water 
in the column. The experimental data obtained are given in Appendix 3, 
Table A 3.1 and are plotted in Figure 6.2. The liquid holdup is lower at 
the lowest of the three gas flOl'1S, but at the two higher flows, lIDCh cover 
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the range of operation, there is li~tle effect of gas flow on liquid holdup. 
The latter is therefore assumed independent of gas flow. The liquid 
I • 
holdup equation is 
? 
vl = Kl + KZL3 
K2 = 0.0072 
The gas holdup lvaS taken as proportional to the pressure 
U=KP 
.3 
Assuming a ga;; space of 0.0728 ft3/plate the value of the constant is 
6.2.4. Pressure Drop 
The pressure drop \vaS measured operating the column with air and 
\vater onJ;y-. The exper:i1nental data are given in Appendix.3, Table A .3.2 
67 
and are plotted in Figure 6.3. The pressure drop depends on the liquid 
flow. For the operating liquid flow the pressure drop relation is 
- dP = K + K G~ 
dn 4 5 
K4 = 0.0025 
K5 = 0.001 
6.2.5. Plate Efficiency 
The plate efficiency, Wrlch for a small diameter column is the same 
as the point efficiency, is defined as 
This efficiency \vas measured by analysis of the gas at the inlet and outlet 
of the column and between plates. The mean value over the column \vaS 64%, 
although a value of 8.3% was found on the bottom plate. 
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6.2.6. steady-st<lt.e ParG.."!eters 
The values of the steady-state pn.rameters based on the operating 
conditions and quantities just described are given in Table 6.1: 
TABill 6.1. Laboratory p'late absorption column steady-State 
p'arameters. 
B 0.76 w 0.785 u 0.00218 
L - 446 Xl O.OOJJ;3 Yl 0.0367 
G 6.4 X2 0.000523 Y2 0.0135 
Y 0.1 ~ 0.000190 Y3 0.00494 0 
~+l 0 X4 0.0000674 Y4 0.00181 
Kl 0.365 X5 0.0000225 Y5 0.000663 
K2 0.0072 X6 0.00000605 Y6 0.000242 
K3 0.00218 
K4 0.0025 
K5 0.001 
Eg 0.64 
N 5 
,6.2.7. Liquid Offtake Time Lags 
The liquid pool in the bottom of the column and the pipe leading to 
the conductivity cell introduce small time lags. This lag was investi-
gated by determining its impulse response using a tracer and was found to . 
be equivalent to a time delay of 0.00058 h (2.1 s) and a transfer lag of 
0.00044 h (1.6 s). These values were used to correct the responses of the 
outlet liquid concentration to the inlet gas and liquid flows, but no 
correction was necessary for the response of the outlet liquid flow to the 
inlet liquid flow. 
6.3. Laborato:r;y PHcked CollU'L'1 
6.3.1. ColQmll Internals 
The column ,taS constructed of standurd QVF glass column sections 4 in. 
i.d. and rras packed to a height of 6 ft. with ~ in. random cera1Jlic Rasclrle 
rings. The specific surface of the rings is 115 ft2jft3 and the voidago 
is 0.73. The rings vlere supported on a wire mesh. The co]umn was 
packed by flooding it 1,>ith water and dropping the rings in gradually. 
6.3.2. Ope~ating Conditions 
The column was operated in all experiments at the same mean conditions 
as the plate column. 
6.3.3. Gas and Liguid Holdup 
The liquid holdup rras measured in the same wo;r as for the plate 
column. The experimental data obtained are given in Appencbx 3, Table 
A 3.3 and are plotted in Figure 6.4. For gas flows between 5.12 and 8.00 
1b mo1e/ft~, .;hich cover the range of operation, there is little effect 
of gas flow on liquid ho1dup and the latter has therefore been assumed 
independent of gas flow. 
W=K1 +K2L 
JS. = 0.112 
K2 = 0.00069 
The liquid ho1dup equation is 
The gas ho1dup for a voidage of 0.73 is 
U=KP 
.3 
K:3 = 0.0019 
6.,3.4. Pressure Drop 
The pressure drop rras measured operating the column with air and water 
only. The e:xperimental data are given in Appenclix 3, Table A 3.4 and are 
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plotted in Figure 6.5. The pressu.:'e drop is affected by the liquid flo;;. 
For the operating liquid flo11 the pressure drop relation is 
_ dP = K G2 
dz 4 
K4 = 0.000045 
6.3.5. Hass Transfer Coefficient 
The mass transfer coefficient Has calculated by the method of Horris 
and Jackson (71) and the HOtted area Has determined from the data given 
by Shulman, Ullrich, Proulx and Zimmerman (99). The mass transfer 
coefficient is gas-film limited, the liquid-phase resistance being only 
about 2% of the total. The gas-phase Reynolds number is 147, which is 
HOll beloH the 10,1Or limit for turbulent flOl; of about 600. Although the 
HOtting rate is 2.65 litre/h in and therefore above the normally accept~d 
value of 2 litre/h in for the minimum HOtting rate, the data of Shulman, 
Ullrich Proulx and Zimmerman (99) indicate that for this small size of 
ring the packing is not fully Hetted. From these data the Hetted area 
Has estimated to be only about 22% of the nominal area. The calculated 
value of the overall gas-phase mass transfer coefficient based on the 
nominal area of the packing is 0.098 lb mole/ft~ (mole fraction). 
The coefficient Has also measured, the experimental data being given 
in Appendix 3, Table A 3.5. In this experiment the gas flw,;as 0.9 of 
its normal value and the coefficient has been scaled up using the exponent 
for the gas velocity of 0.75 which appears in the gas-film coefficient 
equation. The experimental value of the overall gas-phase mass transfer 
coefficient based on the nominal packing area is 0.064 lb mole/ft~ (mole 
fraction) and it is this value which has been used: 
KQG = 0.064 
The mass transfer coefficient is assumed to vary Hith the liquid and 
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gas flows according to an equation of the form 
If' the values of the indices m and n are known the coefficients Y ~ and Y 2 
in the equation for the mass transfer coefficient 
KaG = KaG + Y/- + y2g 
can be calculated. DWyer and Dodge (.3~) give values of 0.49 and 0.7 
for m and n respectively for the absorption of ammonia from air into water 
in a co~umn packed with ~ in. random Raschig rings. The gas ve~ocity in 
the ~aboratory co~= was rather ~ower than that for 'Which these data 
apply so that a slightly higher value of the exponent n should probably 
be assumed. Values of 0.5 and 0.9 have been taken for m and n respectively. 
The corresponding values of the constants are 
Y~ = o.oooo6S 
Y 2 = 0.0008 
6 • .3.6. steady-state Parameters 
The values of the steady-state parameters are given in Table 6.2: 
TABIE 6.2. Laboratory packed absorption col= steady-state 
parameters. 
a 0.76 w 0.419 u 0.0019 
L 446 Xt 0 Yb 0.1 
G 6.4 ~ 0.00144 Y2 O.ooss 
IS. 0.112 Yl o.oOOO6S 
K2 0.00069 
K.3 0.0019 
K4 0.000045 
KeG 0.064 
a ll5 
Z 6 
6.3.7. 1;iguid Of ['take T:i.r~e I,ags 
After the plate column c-"q:>eriments the pipCl'/Ork at the boUo!'! of the 
column 1;as modified and an orifice was installed. The response of the 
liquid pool and orifice to liquid fl01-/ entering the pool was found to be 
equivalent to a time delay of 0.000278 h (1 s) and a transfer lag of 
0.00133 h (4.8 s). These values 1,'ere used to correct the response of 
the outlet liquid flow to the inlet liquid flow. The pool lag was again 
investigated by tracer and was found to be equivalent to a time delay of 
0.0001ll h (0.4 s) and a transfer lag of 0.00125 h (4.5 s). These values 
were used to correct the response of the outlet liquid concentrations to 
the inlet gas and liquid flows. 
6.4. Plant Packed Column 
6.4.1. Column Internals 
The column was constructed of mild steel 1I'ith corrosion-resistant 
lining 35~ in. i.d. and was packed to a height of 15 ft 1I'ith 2 in. random 
ceramic Raschig rings. The specific surface of the rings is 29 ft2/ft3 
and the voidage is 0.79. The rings were supported on a lined steel grid. 
6.4.2. Operating Conditions 
The column was operated in all experiments at the fol101;ing mean 
conditions 
Liquid flow 21.5 lb mole/ft2 h 
Gas flow 20.0 lb mole/ft2 h 
Gas concentration 5% vol/vol HCl 
Temperature 300C nominal 
Pressure 1.1 atmosphere absolute 
The inlet and outlet liquid temperatures were actua.JJy about lOoC 
and 450C respectively and the inlet and outlet gas temperatures about 400C 
~~d 35°C respectively. 
Under these conditions the concentration of hydrogen chloride in both 
gas and liquid phases is 10". Although the absorption is not isothermDl, 
the gas is highly soluble and the equilibrium partial pressure above the 
liquid is small. The eqm.librium constant is 
8 = 0.054 
This value is taken from Horris and Jackson (71) and corresponds to 30oC. 
6.4.3. Gas and Liquid Holdup 
The liquid holdup could not be measured, but liquid holdup data for 
2 in. rings is given by Shulman, Ullrich and Hells (98). These data 
were plotted and an equation derived for the operating range of liquid 
flow. The liquid holdup constants are 
IS. = 0.0486 
K2 = 0.000333 
The gas holdup constant for a voidage of 0.79 and for the inert gas 
concerned is 
K3 = 0.00.34 
6.4.4. Pressure Drop 
The pressure drop was not measured, but has been calculated using the 
method of Horris and Jackson (71). The pressure drop constant is 
K4 = 0.000001.34 
6.4.5. Mass Transfer Coefficient 
The mass transfer coefficient and wetted area were calculated by the 
method of Morris and Jackson (71). The mass transfer is again gas-film 
limited, the liquid phase resistance being negligible. The gas phase 
Reynolds number is 685. The wetting rate is 0.5 litre/h in, which is 
73 
bolo1T the l!'ini.'lIU.1Jl "Jetting rate, al1d the method of lIorris 1lJld Jackson (71) 
gives the 1\'eUed area as about 50% of the nOJllinal area. The calcu.lo.tod 
value of the overall gas-phase mass transfer coefficient based on the 
nominal packing area is 0.215 lb l:lole/ft2 h (mole fraction). 
The coefficient 11as also measured, the experimental data being given 
in Appendix 3 Table A 3.6. The gas flow in this experiment 1~S 0.74 of 
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its normal value and the coefficient has been scaled up. The experi1Jlental 
value of the overall gJ.s-phase mass transfer coefficient based on the 
nominal packing area is 0.190 lb JlJ.ole/ft2 h (mole fraction) and it is this 
value "hich has been used 
The mass transfer coefficient is assumed to vary 1lith the liquid flo"l, 
because of the effect of this on the wetted area, and vlith gas flow, because 
of the effect of this on the gas-film mass transfer coefficient. The value 
of the index m has been taken as 0.25, based on the variation of wetted 
area vlith liquid flow shown in the data of Shulman, Ullrich, ProuJ.x and 
Zimmerman (99), and that of the index n as 0.75 from the gas-film mass 
transfer coefficient equation. 
are 
y 1 = 0.0021 
y = 0.0071 2 
6.4.6. steady-state Parameters 
The corresponding values of the constants 
The values of the stea.cJy-state parameters are given in Table 6.3. 
TABLE 6.,3. Plant vacked abso~ption colUPL~ steady-sLate para~eters. 
8 0.054- \'/ 0.0558 U 0.00,36 
L 21.5 Xt 0 Yb 0.05 
G 20.0 ~ 0.0468 Y2 0.0071 
IS. 0.0486 Yl 0.0021 
IS 0.000.3.3.3 
-
K.3 0.00.34 
K4 0.00000134 
KaG 0.19 
a 29 
Z 15 
6.4.7. Liquid Offtake Time rJags 
The response of the liquid pool and rotameter to liquid flow enter".cng 
the pool was found to be equivalent to a transfer lag of 0.0066 h (2.3.7 s) 
and this was used to correct the response of the outlet liquid flow to the 
inlet liquid flow. No correction was necessary for the response of the 
outlet liquid concentration to the inlet liquid flow. 
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7. EXffiRI1UmTAL REsurn's, CO!1PARISmr m:TH THEORY AND lru:r!l~l:rCAL :rJlr::.'STIC'A7IO~: 
7.1. Laboratory Plate C01U1P_'1 
The experlmental frequency responses of the laboratory plate absorp-
t~on column are given in Appendix 4, Tables A 4.1 - A 4.3. The exper~­
mental responses given ~n these Tables are plotted as cqunres in Figures 
7.1 - 7.3. (In these and the following Figures the freq;<ency scales for the 
amplitude ratio and the phase angle are slightly different and arc not 
aligned). 
The theoretical model with which these results are to be compared is 
given in full by equations (4.49), (4.67-4.69), (4.72-4.74), (4.75) and 
(4.77), but only the responses corresponding to equations (4.49), (4.75) 
and (4.77) have been measured experimentally. The theoretical responses, 
calculated using the data given in Table 6.1, are plotted as full ~nes in 
Figures 7.1 - 7.3. 
There is quite good agreement between the theoretical and experimental 
. results, although a difference of about 25% occurs in the amplitude ratio 
for the response of the outlet liquid concentration to the inlet liquid 
flow. 
The response ef the outlet liquid flow to the inlet liquid flow is 
given both theoretically and experimentally as a series of equal transfer 
lags. The response of the outlet liquid concentration to the inlet gas 
flow has a phase angle which tends theoretically and experimentally to -900 
and the amplitude ratio at -450 phase angle is lJ.12 and is therefore that 
of a single transfer lag. 
7.2. Laboratory and Plant Packed Columns 
The experimental frequency responses of the laboratory and plant 
packed absorption columns are given in Appendix 4, Tables A 4.4 - A 4.6 
and Tables A 4.7 - A 4.8 and are plotted in Figures 7.4 - 7.6 and 7.7 -
7.8, respective~. 
TI1e theoretical model is given in full in equations (5.32), (5,52) 
and (5.54), but only the responses corre;sponili.ng to the first tliO equations 
have been rneo.sured e:xperimentally. The; theoretico.l responses for the 
laboratory column, calculated using the data given in Table 6.2, and the 
responses fo~ the plant column, co.lculated using the data given in Table 
6.3, are plotted in Figures 7.4 - 7.8. 
There is fair agreement bet1reen the theoretical and e:xper.iJnento.l 
results, although chfferences of about 25% occur in both the &~litude 
and phase angle for several of the responses. The worst case is the 
response of the outlet liquid concentration to the inlet liquid flow in 
the laboratory column, ,mere the error is about 40%. 
This discrepancy is thought to be caused by longitudinal llliriP.g in 
the liquid vmich is not taken into account in the model. In small 
pacldngs much of the liquid holdup consists of stagnant pools. The 
response of outlet liquid concentrat~on to inlet liquid concentration in 
packed beds without gas absorption has been investigated by Schiesser and 
Lapidus (95) using kin. alumina spheres. Their results show that the 
transfer function of such a system can be CJt)proximated by a time dela;r 
and a transfer lag. Calculations on the laboratory column using a ratio 
of the time constants of the two lags similar to that obtained by these 
wOrkers indicate tr~s mixing effect is of the right order of magnitude to 
e:xplain the discrepancy. 
7.3. Numerical Investigation 
The theoretical model was originally formulated using the liquid-
phase efficiency for the liquid concentration equations and the gas-phase 
efficiency for the gas concentration equations. TI1is model is described 
by Haagensen and Lees (40). For the gas concentration responses the 
numerical results are, of course, identico.l with the model described here, 
but for the liqIL"Ld concentration equations there is a shCht. diffonmce. 
The theoreGlcal and experimental frequency re3ponses given by Haagensen 
and Lees (40) are plotted in Figures 7.9-7.10, which may therefore be 
compared l.d.th Figures 7.2 - 7.3. The differences are not great, but the 
fit for the response of the outlet liquid concentration to the inlet 
83 
liquid flo., is rather better a.'1d that for the response of the outlet liquid 
concentration to the iruet gas flow is rather ,rorse. 
Several other aspects of the plate column models described in Sectlon 
4 have also been investigated, USlng the parameters of the laborc.tory 
column. 
All eight outlet concentration responses have been investigated using 
plate efficiencies of 0.64 and 1.0. For all the outlet liquid responses 
and for the response of the outlet gas concentration to the inlet liquD.d 
concentration the amplitude ratio is greater and the phase lag less at 
an efficiency of 1.0 than at that of 0.64, but for the other responses the 
reverse is the case. Investigation of columns with other parameters, 
however, indicates that this result cannot be generalised. 
The accuracy of the single differential equation model for the 
response of the outlet liquid concentration to the inlet liquid concentra-
tion given in equation (4.86) has been compared with that given by the 
full model equation (4.74) for perfect plate efficiency. The former is 
given by the broken line and the latter by the full line in Figure 7.11. 
The approximate model is reasonably good in view of the fact that there are 
only six plates in the column. 
The state--variable model given in equation (4.93) has also been 
investigated. The method of solution used is not able to handle repeated 
roots, which arise from the liquid flow time constants, and it was therefore 
necessary to adjust these time constants so that they differed by 3%. The 
numerical vdlues of the Matrices A and D in equation (4.93) for a plate 
efficiency of 0.64 and the characteristic roots of the ~3trix A for plate 
efficiencies of 0.64 and 1.0 are given in Appendix 5. There are tHO 
points of interest. First, the characteristic roots have s~ar values. 
This is important, because most o~ the methods for sl.l:plifying state-
variable models rely on using the dominant roots. Second, the character-
istic roots are complex for imper~ect plate efficiency. The time solutions 
therefore contain sine and cosine te~~. Despite this the step responses 
calculated using equation (A 2.18) ~lith the complex roots do not shOl'1" any 
perceptible oscillations. 
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8. RESPONSE OF THE OUTlET LIQUID CONCENTRATION TO FLOW CHANGES 
:rn PlATE GAS ABSORPTION COLUMNS 
S. RESPONSE OF THE OUTIET UQUID CONCENTRATION TO FLOW CHANGES 
IN PLATE GAS ABSORPTION COLUMNS 
S.1. Liquid Flow Changes 
It has been suggested by Coughanowr and Koppel (21) that the step 
response of the outlet liquid concentration to an inlet liquid flow 
change in a plate gas absorption column may pass through a minimum. If 
this does occur it is :ilnportant for control system design. 
The system considered by these authors is the isothermal absorption 
of sulphur dioxide from air into water in a 2-plate column with perfect 
plate efficiency. TIle equations given for the system, expressed in the 
notation used in this thesis, are 
(S.l) 
dL2 ~ L2 
-= 
-
dt '[ '[ 
(S.2a) 
~ 
= ~ 
-
~ 
dt '[ '[ 
(S.2b) 
dX2 Lt3 - L;f2 + G S (JS.- :s) 
-= 
dt W W (S • .3a) 
(S • .3b) 
dt w W 
The parameters used in the problem are given in column 2 of 
Table S.l. 
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TABill 8.1. Paral'leters of plate absorption co1u.'l'.!ls in 
investIgation of liqQid concentration responses. 
Co1urnn 1 Col= 2 
N 2 2 
e 27 0.75 
-
Cl 
-0.00,324 0 
L 0.9 1 
G 0.051 1 
Yo 0.02 0.02 
W 0.11 0.11 
T 0.0667 0.0667 
K* 
- 2 2 
The problem was simulated by these workers on an analogue cOJlVuter. It 
has been solved by the present author on a digital cOJlVuter. The 
solution for the response of the outlet liquid concentration Xl to a step 
change in the inlet liquid flow L,3 from 0.9 to 0.6 lb male/mm is given 
as curve 1 of Figure 8.1. T.le existence of a minimum in the response is 
attributed by these workers to the non-linearity of the equations. 
The above formulation is not, however, correct. Whereas equations 
(8.2a-8.2b) invly that the liquid holdup on the plates changes, equations 
(8.,3a-8.,3b) do not take this change into account. The full non-linear 
equatiori for the liquid concentration on the general plate n is 
d(rJX) dX dW 
97 
_n= W 
n _n + X _n = L +1 X +1 - L X + G (1 (X 1- X ) dt n dt n n n n n- n (8.4) dt 
But 
dt 
= 1 - 1 
n+l n 
Then multiplying equation (8.5) by X and subtracting it from equation 
n 
(S.4) gives 
dX 1 +1 
_n = _n_ (X - X ) 
dt lr n+l n + .ilil. (X - X ) It, n-l n (s.6) 
n n 
The non-linear equations for the system are therefore equations (S.2a-
8.2b) and 
cllv2 
- = 
dt 
&1= 
dt 
dX2 
- = 
dt 
~ 
= 
dt 
1 • G 
.:J. (X - X ) + !ill (X - X ) 
W 3 2 W 1 2 
2 2 
1 GB 
.2. (X - X ) + ;- (Xo -~) W 2 1 1 1 
The corresponding linearised equations are 
d12 h 
-
12 
- = 
dt T T 
d4 12 £1 
- = 
-
dt T T 
d"rf' 
t - £ _2= 
dt 3 2 
dWl 
= 1 _ 1 
dt 2 1 
(S.7a) 
(8.Sa) 
(S.Sb) 
(S.9a) 
(S.91) 
(S.lOa) 
(8.10b) 
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\ 
dxZ 
dt 
dt 
_ L- (X3- XZ) n GB ( ) + _ '-' + _ (-r _ ~ ) 
-:: 7.:3- X z -. 3 "1. ~z w w w 
- (x - x ~ 
= L (x _ ) + 2 1 't-
iii z ~ iii 
GB 
- (x - x..) iii 0 .L 
(B.lla) 
(B.llb) 
USlng the same numerlcal values as before the solutions for the non-
linear and linear cases are given respectiveJ.;y by curves Z and 3 of 
Figure B.1. These curves show n~ rnin:i.lrrum in the response 
B.Z. Gas Flol" Changes 
A rnin:i.lrrum can, however, occur in the response of the outlet liquid 
concentration to a step change in the inlet gas flOl". This may happen 
if the gas flow change causes a large instantaneous overflow of liquid 
from the plates as a result of the change in froth density and hence in 
liquid holdup. This is Rijnsdorp's (83) KZ effect. 
Following Rijnsdorp the linearised equation for the liquid flow on 
the general plate n is 
n w * J.. n = _n + KZ g (B.12) 
T 
The non-linear equations for the system are then equations (8.Za -
B.Zb) and 
dW
Z 
_ 
- = (L - L) -
dt 3 
(8.13a) (G - G) 
(B.13b) 
dXZ L GB (X - X ) 
- = :l (X - X ) + 
dt W 3 z W 1 Z Z Z 
(B.14a) 
dXl LZ Q1l (Xo- Xl) = - (X -~) + dt W Z Wl 1. 
(B.14b) 
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and 
The corresponding linearised equations are equations (8. 9a-8. 9b) 
dW2 
- = 
dt 
dt 
£ -3 
T 
w2 _ * Ki' (8.15a) 
T 
(8.l5b) 
T 
100 
me - (x - x ) n -
-""2 L '32¥- Ge Q --) 
- = - (x - x...) + + - (x. - x ) + ~ (x_ - X g 
dt W 3 ;:: W 3 W.L2 W--12 (8.16a) 
dx:t L (x2- ~) £ 
- = W (~- XJ.) + - 2 + 
dt W 
ae a.. - -) 
- (x - x.) + (X - 1L g 
- O.L - d-"1-W W 
(8.16b) 
The response of the outlet liquid concentration to a step change in 
inlet gas flow will pass through a m:in:imwn if the right-hand side of 
equation (8.14b), or equation (8.16b), is negative at zero time. It is 
shown in Appendix 6 that the criterion for this to occur is that 
K * > L (8.17) 
2 a 
Rijnsdorp quotes values of K2 of about 2 for distillation columns. 
In many gas absorption columns the molal liquid flow is considerably 
greater than the molal gas flow and the condition required by equation 
(8.17) is not f'ulf'illed. In those cases, however, ..mere the molal flows 
are more nearly equal a response passing through a m:in:imwn is possible. 
The response of the outlet liquid concentration for a column, the 
parameters of vmich are given in col= !I of Table 8.1, to a step change 
in the inlet gas flow from 1.0 to 1.1 Ib mOle/min are given for the non-
linear and linear cases by curves 1 and 2 of Figure 8.2 respectively. 
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9. DERIVATION OF SD1PIE 'I'RANSFER FUNCTION MODEIS FROM COMPlEX MODEIS 
BY HATCIITNG OF MOHENTS 
9. DERIVATION OF SIl1Pill TPJtJ,lSFER FUNC1'W;' l-DDEI3 FRGl! cmcpmx 1,;oDEJS 
BY J1A.TClIIlJG OF !!OJ1EJJTS 
TrD.llsfer function models of chemical plo.nt are often complex. This 
is illustrated by the models given in sections 4 and 5 a.'1d by the ~rork 
of Armscrong and l'iood (7,8). It is very desirable to be able to reduce 
such models to a simpler form. 
The problems involved in effecting this reduction are the choice of 
simple model and the method of relating the parameters of the complex 
model to those of the simple one. 
to both these problems. 
9.1. Choice of Simple l10del 
The method of moments is applicable 
The simple model may be assumed to be a good approxilnation to the 
complex one if it gives similar responses. The response ~ihich is prin-
cipally considered here is the impulse response. This can be treated 
as analogous to a statistical distribution and hence related to certain 
clearly defined parameters (78). Thus if the problem of fitting the 
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impulse response of the t~ models is considered, it is apparent that the 
minimum requirement for a good fit is similarity of mean, variance and 
skewness. It is reasonable, therefore, to choose a simple model ~ch 
in addition to the steady-state gain has three parameters. Since many 
chemical processes have a significant element of pure time delay, one of 
the parameters is associated with this. 
A simple model ~ch meets these requirements is 
G(s) = 
kexp { - TIS } 
(1 + T2S)(1 + 
(9.1) 
This model has been widely used to fit results obtained by plant and 
numerical experimentation and in on-line model building and has already 
been discussed in section 3. 
The model has, however, the disadvantaGe that it cannot be made to 
fit exactly the symmetrical, near-Gaussian i~ulse responses often 
obtained from chemical plant. 
G(s) = 
ke:x:p { - Tl s } 
(1 + T2S)n 
A more flexible three-para.n:eter model is 
"\ ()I, 
.e;_ , 
The parameter n is not restricted to integral values and this makes the 
model very flexible. 
This approach also suggests a method of determining the parambters 
of the model. The mean, variance and skewness of the impulse response 
are associated respectively with its first three moments. The para'lleters 
~, therefore, be determined by equating the moments of the impulse 
response of the complex and simple models. 
9.2. Method of Moments 
The ith unnormalised moment about the origin of an impulse response 
F(t) is 
t 
M. = 
J. 
o 
t 
The zeroth unnorrnaJised moment, Mo ' is the steady-state gdin. 
These moments ~ be normalised by dividing them by the steady-state 
gain 
j:iy(t)dt t M .
M. = 0 = ...2.. :i. ~ 1 (9.4) J. 
fF(t)dt i 0 
The first normalised moment about the origin, MJ., locates the response 
on the time axis. Higher moments, taken about MJ., characterise the shape 
of the curve. It is often advantageous to work in terms of the mean MJ. 
and mo~ento abouc the ~ean, T., chese latter being unaffected by pure 
~ 
time delay. The ith normalised moment about the mean io 
Jct - Il]/ F( t )dt 
T. = Q i '" 2 ~ ~F(t)dt 
The re:Lations between the t.;o types of moment are 
T2 = I~ - J~ (9.6a) 
T3 = 1'3 - 3MlS. + 21~ (9 .6b) 
If the Laplace transform of the function F(t) is the transfer 
function G(s), the unnormalised moments of the impulse response may be 
obtained from the transfer function by successive differentiation with 
respect to the operator s and use of the relation 
( di?CS1 = (_l)i M. ' ds~ ~ 
s=o 
This expression derives directly from the definition of the Laplace 
transform. 
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The method for the evaluation of the parameters of the simple model 
is, therefore, to obtain the moments of the complex model, to equate 
these with the ~ments of the simple model and hence to cal~ate the 
parameters of the latter. 
9.3. Characteristics of Simple Models 
The simple mOdels given in equations (9.1) and (9.2) are referred 
to henceforth as model (1) and model (2) respectively. The moments and 
the impulse a.~ step responses of these two models are given here for 
reference. 
io'or model (1) the relations between the normalised moments about the 
mean and the parameters, obtained by differentiating the transfer function 
of equation (9.1) ar~ applyir~ equation (9.7), are 
1\ = Tl + T2 + T3 
T2 2 
2 
= T2 + 
'3 
T3 = 2( ,3+ , 3) 2 3 
The impulse response, obtained by irrverting the transform, is 
F(t - ].) = --"k~ (exp { -t/ '2} - exp { -t/ '3} ) 
'2- '.3 
The step response is 
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(9.8a) 
(9.8b) 
(9.8c) 
F(t - {-t./ ' } - 'exp 2 3 { -t/ '3} ) ) 
(9.10) 
Similarly, for model (2) the relations between the moments and the 
parameters are 
The impulse response is 
n-l ( 
F{t _, ) = k t eiC.fJ 
1 '2n r(n) 
-tic } 2 
The step response is 
n-l 
F(t - 'Il) = k(l - (1 + L 
k=l 
(t/, 2)n-~ 
(n _ k) I ) exp { -t/, 2} ) 
(9.1la) 
(9.11b) 
(9.11c) 
if n is an integer, while if n is not an integer there is no analytical 
solution. In this case the step response nru.st be calculated by numerical 
integration of the impulse response. 
For values of n less than unity the impulse response is infinite 
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at the origin. N=erical integration of the lI'IJ?u.lse responce to obta;in 
the step respcnce is therefore most eUGlly carried out by integrating 
back\';ards from infinite to zero time. 
The determination of the parameters of model (1) from the normalised 
moments about the mean involves a trial and error solution which may be 
effected using a hili-climbing teclmique. For model (2) the para~eters 
can be obtained explicitly from equations (9.11a-9.llc) 
~ T2 = 
2T2 
(9.l4a) 
(9.l4b) 
(9.l4c) 
For both models it is quite normal to obtain cases where it is not 
possible to fit the moments exactly while still retaining positive values 
of the time constants, but it appears in most cases that positive values 
can be found which fit the moments quite closely. 
9.4. Illustrative Examples 
The application of the method may be illustrated by considering the 
model of a plate absorption column given in section 4. The transfer 
function for the response of the outlet liquid flow to the inlet liquid 
flow is equation (4.49) 
t;. 
r= 
N+l 
1 (9.15) 
and that for the response of the outlet liquid concentration to the inlet 
liquid concentration, assuming perfect plate efficiency, is equation 
(4.79) 
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= (9.16) 
.. mere PI and P2 are gi7en by equatIons (4.80a) and (4.80b). 
The mome];lts of the tJ-ro :iJrlpulse responses may be obtained by differen-
tiating the trrulsfer functions and applying equation (9.7). For the 
liquid flo~l r.esponse 
1\ = NT (9.17a) 
T2 = N T 
2 (9.17b) 
T3 = 2N T3 (9.17c) 
For the liquid concentration response the differentiation is cO!l\Plica,ted 
and is givcn in Appendix 7. 
The parameters of the si!l\Ple models are then calculated using 
equations (9.8a - 9.8c) for model (1) lli1d equations (9.14a - 9.14c) for 
model (2). 
The frequency responses of the complex and full models can be calcu-
lated by making the substitution s = iw in the transfer function. The 
i!l\Pulse and step responses of the cO!l\Plex models can be calculated from 
equations (Al.l - Al.5) and those of the si!l\Ple models from equations 
(9.9 - 9.10) and (9.12 - 9.13). 
The moments, frequency and time responses of the complex model have 
been calculated using the parameters of the laboratory plate absorption 
column given in Table 6.1, except that a plate efficiency Eg of 1.0 w~d 
an equilibrium constant !l of 50 were used. The latter change was made 
in order to obtain an exact fit for the moments of the D.quid concentra-
tion response. 
The moments of the complex model i!l\Pulse responses and the ~i!l\Ple 
model parameters are given in Table 9.1: 
TABLE 9.1. Homcnts and sllr.ple model parameters for l:Lquid nOli 
and concentration responDes ln plate absorption COlUXL~. 
Home::lts Simple model para~eters 
Hodel (1) Hodel (2) 
hi h h 
Liquid J\ = 0.3779 x 10-2 - T =0 
flO1" 1 
response T2 = 0.2380 x 10-5 
-
T 2 = 0.6298 x 10-3 
-8 
= 6.0 T3 = 0.2998 x 10 - n 
Liquid Ml = 0.1520 x 10-1 '1: 1 = 0.2680 x 10-2 T 1 = 0.3959 x 10-2 
concen-
T2 = 0.9497 x 10-4 T 2 = 0.9142 x 10-2 T 2 = 0.8450 x 10-2 tration 
response 
T3 = 0.1605 x 10-5 T 3 = 0.3376 x 10-2 n = 1.33 
The frequency, impulse and step responses of the complex and two 
simple models for the liquid concentration response are plotted in 
Figures 9.1 - 9.3. The full lines, squares and circles represent the 
responses of the complex model, model (1) and model (2) respectively. 
It can be seen from these figures that both simple models give good 
approximations to the complex model. 
For the liquid flow response, the complex model and model (2) are 
identical, while model (1) cannot be made to fit the moment..s exactly. 
The impulse response is plotted in Figure 9.2 as an illustration of the 
type of response which is difficult to fit by model (1). 
9.5. Determination of Moments 
The determination of the moments by differentiation of the transfer 
function and application of equation (9.7) can be tedious, as the fore-
going example illustrates. It is therefore appropriate to consider 
post:ble alternative methods. 
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Sone of th()s() methods rno.ko use of cumulants rather th::m moo6nts. 
The logarltlml of a transfer function can be a-x:pressed as a p01'ler series 
in loJhich the coefficients are the cumulants 
00 
1n {G(s)} = '" Ci (- s)i 
L..J . t 
i=O ~. 
so that 
1n { G(s) } 
The relationships bet"een the various types of moment and the 
(9.18) 
(9.19) 
cumulants are often required and these are summarised in Appendix 8. 
For an overall transfer function which represents the sum of a 
number of individual transfer functions, the moments of the former are 
the sum of the latter, 10Jhile for an overall transfer function ~'l'hich is 
the product of a number of individual transfer functions the cumulants 
of the former are the sum of the latter. 
One method of determining moments is based on the expansion of the 
exponential term in the definition of the Laplace transform to give the 
polynomial 
00 
G(s) = f F(t)exp { -st } dt 
o 
1 t t 2 1 3 
= Mo - MJ. s + ~ L - M:3 L ••• (9.20) 
21 31 
If the transfer function is a polynomial or can be expanded to form a 
pol¥I.omiaJ. the moments can be obtained by matching with equation (9.20). 
Another method makes use of the expansion given in equation (9.19). 
If the logarithm of the transfer function is a polynomial or can be 
expanded to form a polynomial the cumulants can be obtained by matching 
with equation (9.19). 
l.lO 
~ This method has been used by Pa;ynter ('18) and by Paynter and Takaha&lu 
('7'7) 1,(\10 1'1rite equation (9.19) in the form of the generalised transfer 
function 
In{ G(8)} = In{ <5 } 2 8
2 3 s3 4 s4 
- Ts+! --T -+T -
m 8 21 a 3t e 4t 
(9.21) 
1m.ere 
steady state gain <5 = k 
mean delay time 
dispersion time 
T = C 
m 1 
1. T = C2 
S 2 
(9.222.) 
(9 .22b) 
(9.22c) 
skewness time 
1 
T = C3 
a 3 (9.22d) 
1. 
excess time T = c'" 
e 4 (9.22e) 
. From the relations given in Appendix 8 equations (9.19) or (9.21) 
can also be mtten in the form 
s2 s3 2 s4 
In ( G(s)} = In { k } - I\s + T2 - - T3 - + (T4 - 3T2) - ••• (9.23) 
. 21 31 4t 
Pa;}'1lter and Takahashi apply equation (9.21) to the transfer functions 
of both complex and simple models and by matching the coefficients in the 
expansion obtain values of the parameters of the simple models. The 
app;Lication to the complex model results in some ve'!'y complicated mathe-
matics, 1ffiich makes the method rather unattractive for this aspect of the 
problem. For simple models, how-ever, 1ffiich tend to consist of the product' 
of a number of even simpler transfer functions,the method is most useful. 
Thus, for exa~le, the moments of model (1) can be obtained by this 
method, using equation (9.23) rather than equation (9.21) 
(9.24a) 
2 3 
= - (1 + '2 + '(3)8 + ('22 + ,2) L - 2(,3+ ,3) L • 
3 21 2 3 31 
. . 
(9.24b) 
's2 s3 
=-M.. s+T --T - •• 
--L 2 21 3 31 • (9.24c) 
where the relations between the model parameters and the moments are those 
already given in equations (9.8a - 9.8c). 
Another w~ of apply.ing equation (9.19), Mrl.ch again is useful in 
determining the moments of products of silnple transfer functions, is to 
differentiate it, and set s = 0, Mrl.ch yields 
(:.( In I G(,)}' ) ) ~ - (-l)", (9.25) 
, 
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10. DETER.lITNATION OF MOHENTS FROI1 BASIC :EQUATIONS 
ll8 
10.1. Direct Net-hod fer Determimtion of J!oments 
The most difficult ste!, in the application of the method of sirpli-
tying transfer-function models by matching moments described in the 
previeus section is the calculation of the moments of the convlex model. 
A method has been developed for the calculation of these moments 
directly from the basic Laplace transformed equations. The unnormalised 
moments about the origin are related to the derivatives of the transformed 
variables by equation (9.7) 
(10.1) 
This relation has been used by Klinkenberg (52) to calculate the 
moments of the impulse response for a particular tanks-in-series mixing 
problem in which he applied equation (10.1) to the basic transformed 
equations and thus obtained the moments by successive elilnination. He 
did not, however, relate this method to the problem of simplifying 
transfer-function models. 
The technique is in fact applicable to unsteady-state models for 
chemical processes consisting of sets of ordinary or partial differential 
equations. The method is to obtain the Laplace transformed equations, 
to apply equation (10.1) so that the dependent variables in the equations 
become the moments and to solve the equations by normal methods such as 
matrix inversion or integration of differential equations. 
10.2. Illustrative Example - Plate Absorption Column 
The application of the method to a stagewise process is illustrated 
by considering the plate absorption column model given in Section 4. 
For perfect plate efficiency equations (4.61a-4.61b) can be written 
~ n\ ( ) N-l7f 0 ( 
=-x. +"'""- 1->. >. Iv -- 1-IHl - N+l -18 1 
Xn+1- (1 + >. + T s)x + >. X 1 w n n-
n-l ~ 
= ..eL (1 - >.) >. i _ ..e. (1 - >.) 
18 (1 + T s)N-n N+l 1 
=_.1 y +J0. 
8 0 18 
(1 - >.) IN+l 
N-l (1 + TS) 
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>. ) n=N (10.2a) 
1 < n < N (10.2b) 
n = 1 (10.2c) 
The moments of the responses of the liquid concentration to a unit 
:ilnpulse in one of the four forcing functions (XN+l' ~+1' Yo' go) are 
obtained by setting this forcing fUllction equal to 6(t) in the time 
domain or 1 in the s domain with the other forcing functions set equal to 
zero, by successive differentiation of equations (10.2a - 10.2c) and by 
application of equation (10.1). 
The terms for those forcing functions (XN+l' Yo' go) the coefficients 
of vmich are s:ilnple constants disappear at the first differentiation, but 
the term for the liquid flow forcing function (1 N+l) , the coefficient of 
which is a transfer function, does not disappear. 
For a given forcing function the procedure yields a set of equations 
in which the liquid concentration X of the original equations is replaced 
n 
by the UTJ10rmalised moment about the origin of its :ilnpulse response 
I M . • 
x,J.,n The resulting set of equations for all four forcing functions 
is given below. For the response to a particular forcing function, some 
of the forcing function terms are retained and some disappear and this is 
120 
expl'es:oed formally using the symbol )6 as defined in equations (10.5a -
1O.5m) • 
! ! 
- (1 + A) 1-1 • I,T + A 11 . N 1 x,J., Ij x,J., -
n=N 
(10 .3a) 
! !! 
M . +1 - (1 + A)M. + A 11. 1 
-"X.,J.,n -x,:L,n .x:,J..,n-
1 < n < N (1O.3b) 
, ! 
M . 2 - (1 + A) H . 1 
-"',1., x,J.., 
, h "'* Ph .i) ri P )"'* =-, M. --Y' .. +-(l-h)(-l)G (0 y' --=<l-AY', 
w -x,~-l,l a Y La R.,1 R. L g 
n=l (10.3c) 
where 
GR. (s) = _=-1_ 
,n (1 + 's)N-n (10.4a) 
G~ (0) = 1 
,n (10.4b) 
1 GR. (0) = - (N-n)' 
,n (10.4c) 
G~ (0) = (N - n)(N - n + 1) ,2 
,n (10.4d) 
. G1 (0) = - (N - n)(N - n + l)(N - n + 2) ,3 
,n (10.4e) 
and 
lZL 
0* = 0 x ~Hl = 0 i ~ 0 (10.501) 
=1 =1 i= 0 (10.5b) 
=0 =1 i > 0 (1O.5c) 
91* = 0 ~ =0 i~ 0 (1O.5d) y y 0 
=1 =1 i= 0 (10.5e) 
=0 =1 i> 0 (1O.5f) 
)6* = 0 ~ =0 i ~ 0 (1O.5g) g go 
=1 =1 i= 0 (1O.5h) 
=0 =1 i> 0 (1O.5i) 
~ 
)6R. = 0; =0 fN+l = 0 i ;. 0 (1O.5j) 
)6* = 1 R. =1 i= 0 (1O.5k) 
=0 =1 i> 0 (10.51) 
o = 1 R. =1 i > 0 (10.5m) 
The moments of the responses of the liquid concentrations to a parti-
cular forcing function are obtained from equations (10.3a - 10.3c) by 
successive matrix irwersion, calculating first the zeroth moment and then 
the higher moments. For i = 0 the term irwolving the (i - l)th moment 
is multiplied by i and therefore disappears. 
As a numerical example the parameters of the silnple models (1) and 
(2) described in the previous section have been obtained for the response 
of the outlet liquid concentratio~ to the inlet liquid flow by calculat-
ing the moments from equations (1O.3a - 10.3c). The column parameters 
used are the same as in Section 9. The moments of the complex model 
ilnpulse responses and the silnple model parameters are given in Table 10.1: 
TA.BLE 10.1. l10ments Md sin~)le model poxamoters for liquid 
concentration response in plate absorption C01UITL~. 
}foments 
hi 
J\ = 0.9949 x 10-2 
T2 = 0.7247 x 10-4 
T3 = 0.1419 x 10-5 
Simple modol parameters 
!1odel (1) Model (2) 
h h 
-2 Tl = 0.ll71 x 10 
T2 = 0.8778 x 10-2 
T = 0 3 
-2 Tl = 0.2546 x 10 
T2 = 0.9790 x 10-2 
n = 0.7562 
For model (1) the parameters shown do not give an exact fit for the 
second and third moments (T2 = 0.7704 x 10-
4
, T3 = 0.1353 x 10-5), since 
such a fit is only obtained by allol'iing T3 to be negative. 
The step responses obtained by integrating the state-variable 
equations (4.93) using the Runge-Kutta method and those obtained from 
models (1) and (2) are shown in Figure 10.1 by the i'ull line, squares and 
circles respectively. 
10.3. Illustrative Example - Packed AbSOrption Colu.'llIl 
The application to a differential process is illustrated by consi-
dering the packed absorption column model given in section 5. For a 
constant mass transfer coefficient and neglecting gas holdup e~tions 
(5.37 - 5.38) can be written 
dXL )- "_P { 
-=\ +Tsx-_y+-e'lCp 
dz hOO W (bOG L 
(10.6a) 
,l;';' 1 _ + S ~ pS { ~=--y -x+-roq, 
dz hOG hOO GA 
(lo.6b) 
... >here 
p = o(~ - Xt ) 
1 - exp{ - oZ} 
o = 
and A and T are given by equations (4.1.4) and (4.59). 
w 
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(10.7<1) 
(10.7b) 
(10.7c) 
(10.7d) 
,-
Successive differentiation of equations (10.6a - 10.6c) and application 
of equation (10.1) yields 
t 
~i A tAt t 
dz' = hoo ~,i - ShOO H;y,i - i TW ~,i-1 
t 
5-,i = _ ...LHt • +L Mt • +~ exp{ _ oz} ~* 
dz h y,~ h -x,~ GA g 
OG OG 
'\\>here 
G. (s) = exp{ -T S } 
~z z 
G~ (0) = (_ T )i 
,z z 
and 
~* = 0 'it = 0 i ~ 0 g b 
=1 =1 i=O 
=0 =1 i > 0 
-~R. = 0 £=0 
,t i 90 
=1 =1 i > 0 
(10.Sa) 
(lO.Sb) 
(1O.9a) 
(10.9b) 
(lO.lOa) 
(1O.l0b) 
(1O.l0c) 
(lO.lOd) 
(1O.l0e) 
The (Jo1ution of equo.tions (10.80. - 10.Sb) involves a tllo-point 
boundary value problem. The method of solution adopted is the use of 
finite differences (72, p.67). The co1= is divided into N 3cctions, 
each of height h. Then in general the derivatives may be replaced l'uth 
their central difference equivalent 
, 
12I+ 
~ l' , ) 
_ ,i,n - - (Nx,i,n+1 - 1\:,i,n-1 (10.11a) 
dz 2h 
, 
dH. 1, , 
-y,~,n = - (H. - H. ) 
dz 2h y,~,n+1 -y,~,n-1 (10.11b) 
while at the ends of the column they are replaced by their fOI'l-rard or 
backward difference equivalents 
, 
3-,i,o = 1 (H'. - H'. ) 
dz h y,~,l y,~,o 
, 
dl1 • N -y,~, = 
dz 
1('. _'. ) 
h ~,~,N ~,~,N-1 
(10.11c) 
(lO.l1d) 
Then by substitution of equations (10.11c - 10.11d) in equation (10.8b) 
hOG , phOG 
- ) H . - --- exp{ - oz} %g* (10.12a) 
h y,~,o GA 
, hoof'h, S , 
~,i,N= 1 + h In Hy,i,N-1 + 1 + h /h Hx,i,N 
OG OG 
pS hOGjG~ 
+ 
1 + hOG/h 
exp{ - oz } ~* g 
(10.12b) 
The conversion of equations (1O.8a -10.8b) to finite-difference form 
gives rise to the forcing function moments H' . Nand H'. which are 
x,~, y,~,o 
then replaced by the terms ~* and ~* respectively. The finite-difference 
. x y 
form of equations (10.8a - 10.8b) js then given by equations (10.13a -
10.13f) (see over). 
• I -A ];. +llfh x,J.,l 2h x,i,2 
OG 
I 
- S H . h x,J.,n 
OG 
I 
+1 H . +1 2h x,J.,n 
I 
- 1 M • 2h 'X,J.,N-2 
_ A Il' 
- xi N-1 h ' , OG 
- B H' . h x,J.,N-1 
OG 
~ =0 Xt(~) = 0 i~O 
=1 =1 i""O 
=0 =1 i>O 
~* y =0 y (=Y ) = 0 b 0 i:;'O 
=1 =1 i=O 
=0 =1 i>O 
I 
+ 1 l! . 1 hoG y,J., 
I 
+.A M . 1lh y,J.,n 
00 
I I 
- 1 }l. 1 + 1 1! . 2h y,J.,n- h y,J.,n 
00 
, 
=_T H 
11 x,i-1,1 
, 
+ 1 H. = 2h y,J.,2 
= -
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(1O.13a) 
(lO.l3b) 
(lO.l3c) 
(10.l3d) 
(10.13e) 
(10.13f) 
(lO.1.4a) 
(lO.14b) 
(lO.1.4c) 
(1O.l.4d) 
(lO.14e) 
(1O.l.4f) 
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TIle moments of th~ responses of the gas and JlqUld concentratlons 
to a partlcular forcing function are obtained from equations (10.130. -
10.13f) by succeSSlve matrix inversion. 
As a numerical example the parameters of the simple modol (2) have 
been obtained for the response of the outlet liquid concentration to the 
inlet liquid flow by calculating the moments from equations (10.130. -
10.13f) • The column parameters used are given in Table 10.2: 
TABLE 10.2. Packed absorption column steady-state para.'lleters. 
,8 4.0 w 0.5 
L 150 Xt 0 
G 30 Ib 0.1 
KOG B.O 
K2 0.001 
Z 30 
N 15 
The moments of the complex model impulse responses and the simple model 
parameters are given in Table 10.3. 
TABLE 10.3. Moments and simple model parameters for liquid 
concentration response in packed absorption column. 
Moments 
Ni = 0.99Bl x 10-1 
T2 = 0.6406 x 10-2 
T3 = 0.1070 x 10-2 
Simple model parameters 
Model (2) 
h 
'1 = 0.2307 x 10-1 
'2 = 0.B3B4 x 10-1 
n = 0.9193 
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10.4. Horoents Fgu3.hons for P]ace Absorption ColtL'TIll 
The equat~ons for the plate absorption colwnn which have been used 
above to ~llustrate the direct method for the determinat~on of the moments 
3.ssume perfect plate efficiency. This asswnption was made only to 3.void 
unnecessary complication in the explanation of the method. The full 
equations for the moments corresponding to equat~ons (4.603. - 4.60b) are 
I I ' 
- (E + 11)}I • N + 11 11 . N 1 g y,~, y,~, -
= - i T }l1 • + i(l-E ) T }l1 - E 8 l 
w y,:L-l,N g w y,i-l,N-l g x 
n = N (10.15a) 
I l E 8 . . 
- . . -:JL. - -))~ ~ ( )rl 
- - ~ T}I • 1 + ~(l-Eg) T M . 1 1 (X +1- X (-1 G, 0 'P, W y,~- ,n w y,~- ,n- L n n ... ,n ... 
E 8 
- :£. (y _ y ) rl* L n-l n 'Pg 1 <n <N (10.15b) 
I . I 
M . 2 - (1 + I1)M i 1 y,J.., y, , 
• I 
=-J..TM. -
w y,J..-l,l 
E . • F_S rl S - -) )J.. J.. rl :::J!,.;... - - )rl 11)"* -::!C. (X - X (-1 G (O)'P, - - (y -y 'P* Y _ 2 1 :q, ,n 1 L 0 1 g 
L 
n = 1 (1O.15c) 
together with equations (10.4a - 10.4e) and (10.5a - 10.5m). T:lese 
equations give only the moments of the gas concentrations, those for the 
liquid concentrations being obtained from the moments equations correspon-
ding to equation (4.46). 
I 1\ 3ui,n 
,i,n = Eg S 
(1 - Eg) I 
M. 1 Eg S y,J..,n-
(10.16) 
The moments equations corresponding to equations (4.61a - 4.61b) are 
E PA 
+..£:.. 
:E 
=-i 
, . , 
T M . 1 + ~(l-Eg) T M . 1 1+ w y,~- ,n w y,~- ,n-
n-ld 
\l 1"* g 
, , 
M . 2- (1 + \1)N . 1 y,~, y,J., 
, 
=-iTM. -
w y,~-l,l 
E pS 
- ::£. (1- \1)d* L 1"g 
EgPA 
::-- (1- \1) 
L 
n = N (10.17a) 
1< n< N (1O.17b) 
n = 1 (1O.17c) 
The moments and model parameters for the laboratory plate absorption 
column calculated from equations (1O.17a - 10.17c) using the data given in 
Table 6.1 are given in Appendix 9. 
If the slope of the equilibrium line and the plate efficiency are 
different on each plate moments equations si.milar to equations (1O.15a -
10.15c) can be obtained starting from equations (4.58a - 4.5!~b) rather than 
from equations (4.60a - 4.60b). 
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Plate absorption column - Step response of outlet liquid concentration to inlet liquid flo1.r for 
complex and simple models. 
ll. SIMPlE TRANSFER FUNCTION MODEIS OF PLATE GAS ABSORPTION COIm.rns 
1.30 
11. SI!~lE TnANSFSR l'U!'!C'l'ION l!ODELS OF PLATE GIlS ABSORPTION COLlmm 
A method of obta:ming simple transfer-function models has been given 
in the tl\'O prevIous sections. In this section the method is applied to 
the derivation of a set of si~le models for the principal responses of a 
series of standard plate absorption columns. 
The column model used is given by equations (4.61a - 4.61b), 1nich 
give the response of the plate gas concentrations, and equations (4.45 -
4.46), which relate the plate liquid to the plate gas concentrations. The 
corresponding model in terms of the moments of these quantities is given 
by equations (10.17a - 10.17c) and (10.16). 
Sixty columns have been investigated. For all these columns 
G = 30 
~+1 = 0 
Y = 01 o • 
The values of the other design parameters S, L, K1, K2, Eg and N as well 
as those of the derived parameters A, L/G, 
Table 11.1: 
T and T are given in 
w 
TABLE 11.1. Standard plate absorption column steady-state 
parameters. 
Column S L Ri K2 A L/G T T E w g 
1 4.0 150 0.3 0.006 0.8 5 0.00313 0.00075 
2 4.75 150 0.3 0.006 0.95 5 0.00313 0.00075 
3 2.5 150 0.3 0.006 0.5 5 0.00313 0.0007~ 
4 0.5 150 0.3 0.006 0.1 5 0.00313 0.00075 
5 0.05 150 0.3 0.006 0.01 5 0.00313 0.00075 1.0 
6 1.2 450 0.3 0.006 0.8 15 0.00145 0.00052 
7 32 1.200 0.3 0.006 0.8 40 0.00082 0.00038 
8 4.0 150 0.6 0.006 0.8 5 0.00513 0.00075 
9 4.0 150 0.1 0.006 0.8 5 0.00180 0.00075 
10- 4.0 150 0.3 0.01 0.8 5 0.00389 0.00126 
11-'20 asl-l0 0.5 
2l - 30 
" 0.1 31 - 40 11 
. 
1.0 
41 - 50 11 0.5 
51 - 60 11 0.1 
N 
5 
5 
5 
20 
20 
20 
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The rn<:lY.imum values of the liquid flOH L and of the liqmd holdup 
constMG Kl correspond approx:im.Gtely to liqmd flows of 50 U .S. gal/ft. 
m:in and Heir heights of 4 in respectively. The variations in liquid floll 
affect not only the ro.tio ). but also the tiJUe constants' and,. 1, 
It is not immediately obvious 1.hether the gas flow G is a pI'1Jll.axy 
parameter. It does not appear explicitly in the equations, but it does 
affect the concentraGion terms there. It has been found, h01,ever, that 
although G does affect the steady-state gain, it does not affect the other 
model parameters for any of the responses, that is the responses depend 
only on). and not on L/G. 
Column 1 is the base case. In columns 2 - 5). is va.-ried by changing 
S and in columns 6 - 7 it is kept constant vmle L/G, T and' are varied 
w 
by changIng L. In columns 8 - 9 'w is varied by changing IS. and in 
column 10 T is varied by changing K2 • For columns 1 - 10 Eg and N are 
constant "\vith values of 1.0 and 5 respectively. Columns II - 20 and 21 -
30 are siJUilar to columns 1 - 10 except that they have values of Eg of 0.5 
and 0.1 respectively, vihile N remains constant at 5. Columns 31 - 60 are 
siJUilar to columns 1 - 30 except that N has the value 20. 
Using these parameters the moments of the ilnpulse responses of the 
system have been calculated and from these the parameters of the silnple 
models have been obtained. The parameters of model (1) were obtained 
from equations (9.80. - 9.8c) by a hill-climbing routine with constraints 
on the parameters to prevent their going negative, vihile those of model (2) 
were calculated from equations (9.lla - 9.llc) directly. These parameters 
are given in Table A 10.1 in Appendix 10. 
For model (1) the parameters obtained by hill climbing do not alwa;y-s 
fit the moments exactly. Those cases where the fit is relatively poor 
(error> 20%) for one or more moments are indicated by a double asterisk 
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against the value of the t~e constant '1. For model (2) a negative 
value of the time constant '1 is sometimes obtalncd and if this is set 
equal to zero, the para'lleters again do not fit the moments exactly. 
Those cases v,nere the 1'lt is not exact but is relatively good (error < 20%) 
are indicated by a single asterisk against the value of the time constant 
, 1 and those v,nere it is relatively poor (error> 20%) by a double 
azterisk. Very small time constants ( < 10-3 ) are tai{en as zero. 
The responses 01' the outlet liquid concentration to the inlet gas 
concentration ~o and 01' the outlet gas concentration to the inlet liquid 
concentration YNI2N+l are identical except for the steady-state gain, but 
the responses of the outlet liquid concentration to the inlet liquid con-
centration ~+l and of the outlet gas concentration to the inlet gas 
concentration YN"Yo are different. 
Not all the responses are significant, since for some the steady-state 
gain shows a negligible value of the variable, but they have been included 
because they still give information on the general effect of the design 
parameters on the model parameters. 
In model (2) the value of the time constant, 2 can only be assessed in 
conjunction with that of the index n, which takes some very low and some 
very high values. The value of the time constant, 2 in model (1) is a 
better guide to the dominant time constant of the system. 
For a given column the dominant time constant in model (1) tends to 
have a similar value (range about 20%) for all the concentration responses 
except the responses of the outlet liquid concentration to the inlet gas 
concentration, ¥Yo and of the outlet gas concentration to the inlet 
liq~d concentration yNI2N+l' 
The interaction between the p'rameters makes it difficult to determine 
the effect of any single parameter. Thus the effect on the dominant time 
constant of model (1) of the number of plates depends on the response 
13J 
cOJ'1sidered a."d on the other parameters. In some cases increasing the 
number of plates by a factor of 4 only increases the time constant by a 
factor of 2 (colw:ms 1 and 31, response ¥Yo), v.mle in others ~t increases 
it by a factor of 8 (COlUI":1S 1 and 31, response ~fi:)r+l). 
The resultn shot'/" that the responses can usualJ;y be fitted by model (1) 
and that thin often reduces to a transfer lag, tl,o transfer lags or a 
transfer lag and a time del~. They also indicate that the responses are 
relativeJ;y rapid with time constani.s usualJ;y considerabJ;y less than 10 
minutes for a 20-plate column. 
The coupling between the liquid concentration and the liquid flow, 
considered by Armstrong and Vlood (8) for distillat:iion, has been investiga-
ted. For columns 1, 5, 2l and 25, "'hich give a wide spread in'the para-
meters Eg and A, the cumulants of the response of the outlet liquid con-
centration to the inlet liquid flow;/4+1' the cumulants for this response 
with no liquid flow lag (T - 0) and the cunmlants of the response of the 
outlet liquid flow to the inlet liquid flow 1-!4r+l have been calculated 
and the two latter summed. These cumulants are given in Table 11.2. 
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TABlE 11. 2 • Cumulantc of liquid concentration response in 
plate absorption colw~. 
Col= Cumu- Response 
lants 
Yl.ffN+l ~/.elHl( T=D) l;./IN+l Sum of (2) 
(1) (2) (3) and (3) 
1 0.1321 x 10-1 0.llC6 x 10-1 0.3772 x 10-2 -1 Cl 0.1483 x 10 
C2 0.1413 x 10-
3 0.1471 x 10-3 0.2846 x 10-5 0.1499 x 10-3 
C.3 0 • .369C x 10-5 0.380.3 x 10-5 0.4295 x 10-
8 0.3807 x 10-5 
5 Cl 0.6205 x 10-2 0.3196 x 10-
2 
1 as col= 1 
0.6968 x 10-2 
C2 0.1264 x 10-
4 0.1041 x 10-4 0.1326 x 10-4 
C.3 0.7211 x 10-7 0.6917 x 10-7 0.7347 x 10-
7 
0.1023 x 10-1 0.8593 :le 10-2 -1 21 Cl 
]as column 1 
0.1237 :le 10 
C2 0.3986 :le 10-
4 0.4636 :le 10-4 0.4921 :le 10-4 
C.3 0 • .3445 :le 10-
6 0.397.3 :le 10-6 0.4016 :le 10-6 
0.1040 :le 10-1 0.8737 :le 10-2 -1 25 Cl 
Jas column 1 
0.1251:le 10 
C2 0 • .3977 :le 10-
4 0.4671 :le 10-4 0.4956 x 10-4 
C.3 0 • .3111 :le 10-
6 0 • .3702 :le 10-6 0 • .3745 x 10-6 
It can be seen from Table 11.2 that the error involved in assuming that 
the coupling between the responses is negligible is for the first cumulant 
about 13% at Eg = 1 and about 21% at Eg = 0.1, for the second cumulant 
about 6% and 2.3% and for the third cumulant about .3 and 20% respectively, 
and that these values are not affected by the value of A 
The characteristic roots of columns 1 - 30 have also been calculated 
and are given in Table A 11.1 of Appendix 11. It can be seen from this 
Table that for most, though not all, of the columns with imperfect plate 
efficienc;r the roots have imaginary parts, that as E and A g 
decrease there is a greater tendency towards imaginary roots. The step 
responses calculated from these characteristic roots, however, do not show 
any tendency to oscillate. 
12. FURTHER ASPECTS OF MODEL SllJPLIFICATION USING MOMENTS 
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12. FtmTllER ASPF,CTS OF l'DlJZL SIl:I'LIFJCATION U"I!:G l!0J:ENTS 
12.1. vleip;htiru: for Short T:imes 
The simple models obtained by matching momcnts as described in 
sections 9 and 10 give a good overall fit to the complex models, but the 
fit a~ short tlffies is not quite so good. This initial response is 
important, however, for control. 
It is natural, therefore, to consider 1'!eighting the moments to 
:ir.Jprove the fit at short times. This is carried out by nmltiplying the 
variables by exp { -kt }. This method of 1\'8ighting has been used by 
lfucon, vlhitaker and Orcutt (68) in treating a problem of axial dispersion 
in liquid-liquid extraction. With this weighting term the plate 
absorption column equations (10.2a - 10.2c) become, using the shifting 
theorem: 
- (1 + A + 'I k + 'I s)x.. + AX.. 1 1f W.N .N-
~ PA ( ) N-l7! P ) N-l-
= -x.. + - 1 - A A /J - - (1 - A A g 
.N+l jjl NH L 0 
-
AX 
n-l 
P =~(l_A)An-l [N+l 
f,8 (1 + Tkl-n(l + - - (1 -I )N-n -'Is L 
X2 - (1 + A + 'I wk + 'I ws )-;' 
where 
A~+ 
=--y a 0 -L 
I 'I 
'I = 
1 + 'Ik 
(1- )IN+l 
(1+ Tkl-1(l+ 
- £.. (1 - A )g_ 
I )N-l - '"'U 
'Is L 
n = N (12.1a) 
(12.1b) 
n '" 1 (12.1c) 
(12.2) 
The resulting noments equatlono, l,hich correspond to equations 
(10.3a - 10.3c) for the um18ighted moments, are 
( ) 
I I, 
- 1+1-+ ,k}! . N+ 1-].1 . Nl 
w x,~, x,J.., -
= -i I -"*+01-, H. ,;'" - (1-
w x,l-l,H x LS 
I I! 
N . +1- (1 + ,,+ ,k)H. +).11, 1 
:X:,l,n 11 X,l,n X,l,n-
=-i 
! ! 
H . 2 - (1 + 1- + T k)M . 1 
"X.,J.., W -x,~, 
1< n< N 
n=l 
n=N 
(12.311) 
(12.3b) 
(12.3c) 
i 
where G. is given by equations (10.4a - 10.4e) with T! substituted for 
",n 
't 
The degree of error at short times is variable. The initial fit 
for the response of the outlet liquid concentration to the inlet liquid 
concentration shown in Figure 9.3 is good, but that for the response of the 
outlet'liquid concentration to the inlet liquid flow shown in Figure 10.1 
is less so. This latter response has therefore been calculated from 
equations (12.3a - 12.3c) with the data used in Section 10 but with the 
i\'Sighting factor k equal to 50. The moments and s:ilrrple model parameters 
obtained are given in Table 12.1: 
TABLE 12.1. HOl:lsnGs and sLrnple model para:neters for lveightcd 
llquid concentration response in plate absorption colUh~. 
l10ments 
M1 = 0.7519 x 10-2 
T2 = 0.3206 x 10-4 
T3 = 0.4217 x 10-6 
SiL~le model parameters 
Model (1) 
h 
'1 = 0.1668 x 10-2 
'2 = 0.5850 x 10-2 
'3 ~ 0 
These values may be compared with those given in Table 10.1 for the 
unweighted case. 
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As before the parameters for model (1) do not 
the second and third moments (T2 = 0.3422 x 10-
4
, 
give an exact fit for 
-6 T3 = 0.4004 x 10 ). 
The step response for the full model, for model (1) vr.ith k = 0 and 
for model (1) with k = 50 are shown by the full line, the squares and the 
triangles in Figure 12.1. Almost no improvement is obtained at short 
times, while at long times there is bad deterioration. 
In particular, although the shape of the curve for the full model 
suggests that both the transfer lags in model (1) should be utilised, a 
zero time constant is obtained for the second lag in both the unl'leighted 
and weighted cases. 
Although some modification of this approach might give better results, 
this does not appear very hopeful. 
12.2. Inflecting Systems 
. So far consideration has been confined to fitting simple models to 
monotone responses, the derivative of which does not change sign. Here 
the problem of fitting a simple model to an inflecting system is considered. 
Sucb a system is g~ven by a plate absorption co1.u.= in 1.hich there 
is a signif~cant KZ effect as described in Section 8. For a Z-plate 
column with perfect plate efficiency 
But 
\lsXz = L(x3- xz) + (X3- xJi3 + G~(xl- xZ) + S(Xl - XZJeo 
llsXl = L(XZ- xl) + CXZ- xl)lz + GQ(xo - S;) + sCXo - Xl)go 
.£ = z l3 +Yi:*(l- 1 )g 1 + TS Z 1 + TS 0 
Then _ 
where 
eX - X~)f, 
- (1 + A + T s)x + xx = _ se _ 3 '" 3_ 
w 2 1 3 L 
The resulting moments equations are 
, , 
- (1 + A)M . 2 + AM . 1 x,J., x,J., 
S(Xl - Xz) go 
L 
(X - X ) 
= -i T M'. - rJ.* - 3_ z rJ.! - ~ (X1- Xz)rJ.g* w x,~-1,2 xL" L 
. , , 
M • Z - (1 + A)M . 1 x,~, x,~, 
_, (X2- x.) " = -" rJ.* - '-.1 (-ll G~(O)rJ. -
B Y L 1. 
(X2- if.) .. + .']. K: (-ll G~(O) rJ. 
- z g L 
(lz.5) 
(12.6a) 
(12.7a) 
(12.8 ) 
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y1 = 0 g g = 0 0 i ). 0 (12.9a) 
=1 g = 1 0 i ;. 0 (12.9b) 
and ~~, )5;, y1~, ~ and ~9- are given by equations (10.5a - 10.5~). 
The response of the outlet liqULd concentration to the inlet gas 
flo" was calculated in sect~on 8 using the data given in Table 8.1 and is 
plotted as curve 2 :in Figure 8.2. 
A simple model capable of fitting such a response is 
k_ + k2 G(s) = --1 
For this model the normalised moments about the origin are 
1\ = (1 + k!~)Tl - (k!~)T2 
~ = 2«1 + k!~) J. 2 - (k!kl ) T/) 
lJ = 6«1 + k!kl ) J.3 - (k2/kl)r / ) 
The impulse response is 
The step response is 
(12.10) 
(12.11a) 
(12.11b) 
(12.11c) 
(12.12) 
The normalised moments about the origin calculated from equations 
(12.7a - 12.7b) and the simple model parameters calculated from equations 
(12.11a - 12.11c) are given in Table 12.2: 
TABIE 12.2. !loments and c;jYlt')le model para.'11cters for inflE'ctiIl8 
liquid concentration response ~n plate absorjlt~on col=. 
Moments 
M:t = 0.2096 
M2 = 0.5780 x 10-1 
1'3 = 0.2350 x 10-1 
Simple model parameters 
110del (3) 
h 
Tl = 0.1063 
T2 = 0.9863 x 10-1 
k!kl = 11.18 
The parameters shovm do not give an exact fit for the mon:ents (IS. = 0.1924, 
-1 -1 ~ = 0.5789 x 10 ,M3 = 0.2349 x 10 ). 
The full and simple model responses are plotted in Figure 12.2. 
Although a fit has been obtained for the first three moments, the simple 
model response does not inflect. 
12.3. OscillatoIX Systems 
Absorption column responses are not oscillator,y, although they may be 
made so by the addition of a feedback control loop. For the oscillatory 
case, therefore, a different system has been considered. This system is 
a vaporiser and it is described in Appendix 12. 
A simple model capable of fitting an oscillator,y response is 
G(s) = 
(1 + 
For this model the normalised moments about the origin can be calculated 
by noting that if 
G(s) = S 
Si 
(12.15) 
then net>lectJ.ng the cteady-state Gain and the time del;).y 
2 
(1 + 11;. s + 1L) e = e. 
W 2 J. 
n wn 
from "fuich by application of equation (10.1) 
11 = 11;. 
1 
'\ _ ,.21; " +. (i-l) " = 0 
, • J: !',. 1 J. 2 ",. 2 W J.- J.-
n wn 
Taking account of the time delay in the first moment 
The impulse response is 
i;>,. 2 
1 F( t- T ) = ---::--
1 J(1- ~)w exp {-C;w t } sin {.j(l- r?-) w t} c; < 1 n n 
n 
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(12.16 ) 
(12.17a) 
(J.2.17b) 
(12.17c) 
(12.18a) 
c; = 1 (12.18b) 
F(t- " ) = 1 
where 
1 
-r-2 
(exp { -tj 1:2 } - exp { -t/ 1:.3} ) 
J 
"2= ( l; + ( r?- - l)i ) 
wn 
"3= { ~ - ( (- _ l}i } 
wn 
The step response is 
c; > 1 (12.18c) 
(12.19a) 
(12.19b) 
F( t - "t) = 1 - T7. 1 2 exp { - I;w t } sm ...j[1-C; 2) w t 
.L "/,(1- I; ) n n 
+ tan -1:.j(1_1;2)/1; }} c; < 1 (12.20a) 
F(t - T ) = 1 - (1 + w t) cxp { - w t } 1 n n ~ = 1 (12.20b) 
~ > 1 (12.20c) 
The normalised moments about the origin for the response of liquid 
level in this vaporiser calculated from equations (A12.16 - Al2.1S) using 
. 
the data given in Table A12.1 and the simple model parameters calculated 
from equations (12.17a - 12.17c) are given in Table A12.2. 
The full and simple model responses are plotted in Figure A12.1. 
The simple model oscillates in a manner similar to that of the full lllodel, 
but is more damped. 
12.4. Moments of Nonmonotonic Systems 
If the method of model simplification described is to be applied to 
nonmonotonic systems, using different simple models according to the type 
of response, it is desirable to be able to detect automatically the type 
of response represented by a set of moments so that the right model can be , 
used. 
As a first step towards this the moments of the two nO!lIllonotonic 
models have been calculated using typical numerical values of the model 
parameters. The values of the parameters and of the corresponding 
moments are given in Appendix 13. For the inflecting model no obvious 
pattern emerges, but for the oscillatory model the sign of the m~ments is 
an obvious pointer. 
12.5. Limitations of Model Simplification 
Although the method of model simplification outlined is potentially a 
very useful tool, it has its limitations. M~ plant responses recorded 
in the literature cannot be fitted by simple models of the types described 
and some probably cannot be fibted by cimple models at all, bccauce the 
sroil mll'lber of parameters in a simple model cannot retain the same 
amount of in.1"o:ruation as the full response curve. 
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13.1. Rev.ie1'T of Hark 
The most significant result of the work described is considered to 
be the method of obtaining directly from the basic equations simple 
transfer-function models of chCF~cnl processes. 
The basis of the method is to obtain a fit betlleen the mean, spread 
and sketmess of the impulse recponse of the full equations and of the 
simple model. These properties are meanil'.gful criteria of corl'espondence 
betlveen the two responses. 
The potential of the method lies jn its ability, based on the use of 
matr:ix techniques, to handle systems in lJhich the form of the equations 
and the constants in the equations are not repetitive. Thus whereas a 
finite-difference method is limited to stagclv:ise processes in lJhich a set 
of identical equations is replaced by a single equation 1vith suitable 
boundary c?nditions, the present method can deal 1vith an arbitrary set of 
equations, including a mixture of algebraic and differential equations. 
Although the technique has in fact been illustrated using primarily the 
plate absorption column, lmich is a stage1v:iee process, it is applicable 
to a mixed set of equations, as the vaporiser example shows. 
Similarly, even if the equations are the same the constants in them 
may be different, so that it is possible to treat, for example, a non-
isothermal plate absorption column in lmich the slope of the equilibrium 
line, the plate efficiency and the gas and liquid flows differ f~om plate 
to plate. 
The application of the method to differential processes has been 
illustrated using the packed absorption column. Although this example 
also ilas a repetitive set of equations and constants, sets of equations 
can be handled 1.01ich cha~e llith distance, corre!Jpol?cl.ing perhaps to 
changes of regime in the apparatus. 
The type of response to )·mch the meLhod is primarily applicable is 
the monotomc response, but some attempt has been made to explore its 
suitability for characterising no~onoto~c responses also. For such 
responses the approach is more dubious, because the original criteria of 
fit no longer have a clearcut meaning. Nevertheless, some success has 
been achieved in fitting a simple model to an oscillatory system. 
Some other applications of the method have also been briefly treated. 
One of these is its use in checldng the suitability of models proposed 
for on-line process modelling by statistical and adaptive methods. This 
makes it possible to avoid choosi.'lg models "[hich are simply not capable 
of fitting the responses investigated, whatever values of the parameters 
are used. Another application is the investigation of interactions 
between the different parts of a response with a view to simp~-I1g the 
formulation of models. 
The other main result is considered to be the development of a set 
of linear models for the plate absorption column. These include the 
basic equations, the moments equations, simple transfer-function models 
and a state-variable model. Both the two latter types of model have 
been developed to a stage ~nere they can be used for control system 
design. 
The reduction of a relatively complex system such as a plate absorp-
tion column to both transfer-function and state-variable models is not 
common in the literature and the set of models derived may therefore be 
useful in comparative investigations. 
In the experimental work care has been taken to show clearly hOly the 
parameters used are obtained and to give the numerical values of these 
par3)r.eters. In the literature this is frequently not done \lith thE-
result that there are relatively .fel' sets of data \·iluch ca.'1 be used as 
an experil!lental star.dard agoinst \\ru.ch to check theoret:Lcal models. 
148 
The problem of the correct definition of plate efficiency at 
unsteady state has been considered a'1d it is concluded that the gas-phase 
efficiency should be used. If the o:J.ly holdup is in the liqmd phase, 
this is then sufficiont, but if there is a gas-phase holdup also, it is 
necessary to define as separate variables the concentrations of the gas 
leaving the froth and of that in the gas holdup above the plate. 
l3.2. Suggestions for Further lvork 
The method of model silnplification offers obvious scope for develop-
ment in several directions. These include: 
- Application of the method to a number of unit operations with a 
view both to testing the method and to obtaining standard models of 
these operations. 
In particular it would be interesting to see the method applied to 
the plate distillation column and the rotary cement kiln, Which represent 
respectively a stagewise and a differential process for Which it has 
proved rather difficult to derive silnple unsteady-state models. 
- Improvement of the fit obtained at short times. The work of 
Wilde on the ilnpulse response matrix and that of Rosenbrock on dynamic 
conservation offer promising starti.'1g points. 
- Investigation of the effect on control system design of errors 
between the full and silnple models. 
, - :EXtension of the method to norunonotonic systems. This does not 
mean that the technique should be applied indiscriminately, but l'ather 
that both extensions and limitations should be studied. 
• 
- Dcvolopnent of a set of models v;hich is able to reproduce most of 
the responsoo commonly obtained. 
149 
- Investigation of the implications of atteT.pting to apply the method 
to nonlir,ear syst~~. 
- Investigation of the problem of simplifying state-variable models 
with a view to the poosible application of the method in this area. 
The main proble."l outstanding in the unsteady-state modelling of plate 
absorption columns is that of plate efficiency. This problem has three 
aspects: the definition of the point efficiency, the variation of the 
point efficiency with operating conditions and the relation between point 
and plate efficiency. For the first it is believed that the fornrulation 
suggested above gives a correct solution, but it may be possible to find 
a simpler one. }fuch progress can probably be made in the last two by 
theoretical studies including simulation, but experimental work is also 
desirable. 
NOTATION 
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NOTATION 
Gonoretl 
G(s) tranGfer function 
s Lapletce operator 
t time h (u..lless other-
vase stated) 
A i characteristic roots (real part) 
'" 
angular frequency rad/h 
W i characteristic roots (imaginary part) 
The units of time are hours, except in section 8, v.>here the units are 
minutes, and Appendi4 12, where the units are seconds. 
Total values of time-dependent variables are represented by a capital 
letter, steady-state values by a capital letter vlith a bar above, smaJ~ 
unsteady-state variations about the steady-state value by a s~ letter 
and Laplace transforms of the unsteady-state variations by a small letter 
vlith a tilde above it: 
G=G+g 
J...{ g} =g 
The Laplace transform is defined as follows: 
/... {f(t)} = f ~{ -st} f(t)dt 
o 
Vectors and matrices are denoted by a tilde underneath. 
In order to save space the follovang notation is used in Appendices 
5,9,10,11 and 13: a number 0.1 x 10-5 is written as 0.1000-05. 
Plate Absorption Column 
a interfacial area of froth on plate 
E g 
G 
conplex constants 
plate eff~c~cncy (gas phase) 
point efficiency (gas phase) 
plate eff~ciency (liquid phase) 
vaporisation efficiency 
component factor for vaporisation eff~ciency 
gas flow 
KQG overall mass transfer coefficient 
(gas phase) on plate 
constants 
K; constant (K2 effect) 
L 
n 
N 
p 
U 
W 
X 
Y 
liquid flow 
number of plate from bottom of column 
number of plate3 in column 
pressure 
gas holdup 
liquid holdup 
concentration of solute ln liquid 
concentration of solute in gas 
y* equilibrium concentration of solute in gas 
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Ib mole/ft2:h 
Ib mole/ft2:h 
various 
Ib mole/ft2:h 
atmosphere 
Ib mole/ft2plate 
Ib mole/ft~late 
mole fraction 
mole fraction 
corresponding to liquid solute concentration X mole fraction 
z 
a 
a 
a 
height of froth on plate 
intercept of equilibrium line 
slope of equilibrium line 
plate factor for vaporisation efficiency 
(equation 3.14 only) 
ratio of slopes of equilibrium and 
operating lines 
constant defined by equation (4.20) 
it 
p 
constants defined by equations 
(4.66a - 4.66b) 
constant defined by equation (4.19) 
constant defined by equation (4.25) 
constants defined by equations (4.64a -
4.64b) and (4.85a - 4.85b) 
a constant defined by equation (3.10) 
T time constant for transmission of liquid 
flow across plate 
mean liquid residence time on plate 
h 
h 
Subscripts 1 - N are used to denote plate number, the numbering 
being from the bottom of the column. Subscripts 0 and N + 1 are used 
to denote inlet gas and inlet liquid respectively. 
Packed Absorption Column 
For G,L,P,X,Y,Y, S and A see plate column notation. 
a 
f(A ) 
F(A ) 
h 
hOO 
K. g 
K. 
t 
KOG 
IS.- K5 
specific surface of packing 
constants 
complex constants 
A-matrix 
, 
adjoint of A-matrix 
height of section of packing 
height of transfer unit (gas phase) 
gas-film mass· transfer coefficient 
liquid-film mass transfer coefficient 
ft 
ft 
lb mole/ft2 h 
lb mole/ft~h 
overall mass transfer coefficient (gas phase) lb mole/ft2 h 
constants various 
n number of sections of packing 
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u gas holdup 
liquid holdup 
z distance from bottom of packing 
z height of pacldng 
a* constant defined by equation (3.1Ba) 
s* constant defined by equation (3.18b) 
constantG defined by equation (5.9) 
determinant of A-natrix 
p constant defined by equation (10.71) 
a constant defined by equation (1O.7c) 
T time constant for transmission of liquid flow 
down pacldng 
T W mean liquid residence time in section of 
packing 
time constant defined by equation (10.7d) 
Ib mole/ft3 
Ib mole/ft3 
ft 
ft 
various 
h 
h 
h 
Subscripts b and t are used to denote bottom and top of pacldng and 
thus also inlet and outlet gas and liquid conditions. 
Moments Methods 
ith cunrulant 
G R"n transfer function defined by equation (10.4a) -
G transfer function defined by equation (10. 9a) -1" z 
k steady-state gain 
or 
weighting factor 
steady-state gain 
ith normalised moment about origin 
ith unnormalised moment about origin 
various 
various 
various 
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t M . 
y,~,n 
n 
w 
n 
ith UPJlo~lised moment about origin of liq~d 
concentmtion on plate n (plate column) or at 
section n (packed oolunL~) 
ith lllmormalised mO~lent about origin of gas 
concentration on plate n (plate collunn) or at 
section n (packed oolumn) 
model parameter (iL~dex) 
skevmess time 
excess t=e 
ith normalised moment about mean 
mean delay time 
dispersion time 
steady-state gain 
model parameter (damping factor) 
model parameters (time constants) 
constant defined by equation (12.2) 
forcing function constant (not disap-
pearing at first differentiation) 
forcing function constant (disappearing 
at first differentiation) 
model parameter (natural frequency) 
various 
various 
h 
h 
h 
various 
h 
h 
-1 h 
Subscripts g,9-,x,y are used in conj1Ulction with the forcing function 
constants to denote inlet gas and liquid forcing functions. 
Vaporiser 
A cross-sectional area of supply pipe 
cross-sectional area of vaporiser 
constants various 
• 
L hquid flolT 
f 
l!. ith un.'1om.alj sed moment about origin of 
f,,~ 
f H . 
11' ,~ 
~ 
Pt 
P
v 
Vi 
Vo 
WR. 
Wp 
Wv 
PR. 
liquid flOl·r 
ith unnormalised luoment about origin of 
liquld holdup in vaporiser 
ith unnormaliscd moment about origin of 
vapour holdup in vaporiser • 
pres::;ure in supply tan..l< 
pressure in vaporiser 
vapour entering vapour space in vaporiser 
vapour leaving vaporiser 
liquid holdup in vaporiser 
liquid holdup in supply pipe 
vapour holdup in vapour space in vaporiser 
liquid density 
Wk' forcing function constant for change in 
vaporiser outlet valve position 
(disappearing at first integration) 
lb/s 
lb hi 
poundals/ft2 
poundals/ft2 
lb/s 
lb/s 
lb 
lb 
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AT'PEliIDIX 1 
SJ\illCTED TUE SOWnmJS FOR rJJSE ~BSOnpTION COIm:tJ 
The tr<msfer fllllCtion given in equation (4.49) may be irrrcrted to 
give the :Ullpulse response 
1iI-1 t 
TN (N-l)! 
exp{-t/T} 
and the step response 
N-l 1 -(1 + 2: 
k=l 
N-k ) (tiT) exp { - tiT} 
(N-k)t 
(1.1.1) 
(A1.2) 
That given in equation (4.79) may be i..werted, using the method of residues 
(50, p.145, 346), to give the impulse response 
N 
= -
k=l 
mere 
E\= N+l 
and the step response is 
~ = 
~+l 
N 
1 - A ~ 
1 - AN+l + L.J 
k=l 
N+l 
(Al.3) 
(A1.4) 
APPENDIX 2 
TJl:G SOLUTIO!!S l'R0ll CF.AR.~CTEnrSTIC ROOTS OF STA'l'E EATRIX 
Tne tine-do~nain solution of the state variable equation (4.9.3) is 
t 
;:; = e:xp {A t }30 + e:xp {A t} f e},,-P {-k, T}~:::. (T )dT (1.2.1) 
o 
The initial value vector x is assumed to be zero so that equation 
~o 
(1.2.1) reduces to 
t 
~ = e:xp {A t} f e:xp { (A2.2) 
o 
The time solution may be obtained by calculating the characteristic 
roots or eigenvalues of the state matrix k, and applying the relation 
(A2 • .3 ) 
where U is the modal matrix or matrix of the characteristic vectors or 
~ 
eigerwectors and J is the matrix of the characteristic roots. 
~ 
The impulse response is given by the equation 
x = e:xp { A t} B u 
~ '" '" ro..I 
and the step response by the equation 
t 
~ -J { A t}B u dt w_ exp,..., ro..I"'" 
o 
(A2.5) 
In general there are four cases to consider: distinct real roots, 
distinct complex roots, repeated real roots and repeated complex roots. 
Only the first two are dealt with here. 
A2.1. Distinct Real Roots 
. For this case 
J= 
~ •• (1.2.6) 
16,{ 
Let 
Then 
cxp { ;!, t} = 
exp { A t} 
n 
For the impulse re::lponse from equations (A2.4) and (A2.3) 
x = U exp { J t} U-1 B u 
,..., t"<Y ...... r-..; ...... ,..., 
x = U exp { J t} z 
,..., '" r-.J"'" 
=U 
~ 
Z,l 
(A2.8) 
(AZ.10) 
It has been found that equation (AZ.10) is equivalent to the follo,ri.ng 
equation 
x=U 
~ ~ 
• (A2.11) 
This last step is a development by H.W. Kropholler of the treatment given 
by Opta (75). 
For the step response from equations (A2.5) and (A2.11) 
x=U zl ;;'P{Alt}dt 
~ ~ 
(A2.12) 
t 
!e-Xp{A t} dt 
o n 
t f exp { A t}dt 
o 
= exp { A t} - 1 
A 
A 2.2. Distinct Complex Roots 
For this case 
J= 
.. 
The columns of the modal matrix are of the form 
Real Real Imag.. Real 
U= 
-
For the impulse response from equations (A2.4) and (A2.3) 
x= U exp{ A It} 
- -
exp{ A 2t } coS<", 2t} -exp{ A 2t} sm'" 2t 
exp{ A V 2 sinl:'" 2t} exp( A 2t} cos{", 2t 
• • 
exrJ. A V n 
• 
exp{A t 
n 
1 
zl 
z2 
z3 
.. 
z 
n 
169 . 
(A2.l3) 
(A2.l5) 
(A2.16) 
x=U zl ~ ~ 
z2 -z 
,3 
z,3 z2 
. . 
z 
n 
~p{ Altl 
exp( A2tl 
exp{ A2d 
exp( A t} 
n 
cos{ol t} 2 
sin{Ol2t l 
J- ''', ('.I 
(A2.17 ) 
For the step response from equat~ons (A2.5) and (A2.17) 
X=U Zl ~ 
Z2 -z 
,3 
Z,3 Z2 
where 
i t exp { A tl cos {Oltldt = o 
z 
n 
t 1 exp{ 
t 1 exp{ 
°t 1 exp{ 
. . 
L 
l"exp{ 
o 
Altl dt 
A2t} cos(Ol2t}dt 
A2tl sin{w2t ldt 
A t} dt 
n 
(A2.18) 
; 2 ( Olsin{ wt}+ 
A + If 
ACOS{ wt})exp{ A t} -A 
jt exp { A tl sin{wtldt = A2~2 « Asin[Olt}- wcos{Olt}) exp{ At} + ol) 
o 
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APPElffirx .1 
EXF£HIl'SllTAL DATA FOR DCTETl!IT1JATIO;{ OF ST?~DY-S'l'ATF. PJJ1MlG'1"LRS OF 
LABORATORY f.XD PI"~N:r PLATE AND PACKED ABSOFPTION COLlJ}JNS 
TABLE A3.1. Laborato~ plate absorption column liquid holdup 
Run Gas flo" Liquid flow L:Lqu.Ld holdup 
Ib mole/ft2 h Ib mo1e/ft2 h Ib mole/ft2 plate 
, 
1 4.06 267 0.618 
2 324 0.667 
3 400 0.712 
4 465 0.737 
5 510 0.762 
6 542 0.778 
7 6.14 255 0.646 
8 319 0.712 
9 382 0.754 
10 427 0.775 
11 446 0.799 
12 522 0.860 
13 7.51 261 0.651 
14 338 0.724 
15 382 0.742 
16 446 0.823 
TABLE A3.2. Laboratory plate i1bSOrpt:LDJ1 column pressure drop 
Run Liquid flOli Gas flOli Pressure drop 
lb mole/ft2 h lb l'lole/ft~ atm/plate 
1 446 5.06 0.005~ 
2 5.44 0.00560 
3 5.84 0.00573 
4 6.25 0.00593 
5 6.69 0.00610 
6 7.20 0.00631 
7 7.72 0.00641-
8 394 5.06 0.00515 
9 5.44 0.00527 
10 5.79 0.00540 
11 6.20 0.00556 
12 6.69 0.00581 
13 7.20 0.00595 
14 7.70 0.00610 
15 325 5.06 0.00484 
16 5.44 0.00496 
17 5.79 0.00510 
18 6.20 0.00535 
19 6.69 0.00551 
20 7.20 0.00559 
21 7.70 0.00572 
t 
2.73 
TABlE A.3 • .3. Laboratory packed absorption colUl~n liquid holdup 
nun Gas flO1v Liquid flow Liquid holdup 
lb mole/ft~ lb mole/ft2 h lb mole/It.3 
1 0 .319 0 • .329 
2 .319 0 • .341 
.3 .38.3 0 • .388 
4 444 0.411 
5 510 0.453 
6 .3.52 .319 0 • .32.3 
7 .383 0.376 
8 444 0.42.3 
9 510 0.470 
10 5.12 .319 0 • .341 
11 .38.3 0.364 
12 444 0.42.3 
13 510 0.464 
14 6.15 .319 0.317 
15 .383 0 • .379 
16 444 0.417 
17 510 0.464 
18 8.00 319 0.317 
19 .385 0 • .370 
20 444 0.411 
21 9.45 .319 0.294 
. 
22 385 0.365 
2.3 444 0.411 
24 10.20 .319 0.299 
25 385 0.377 
26 444 0.417 
TABLE A3.4. LaboraLory packed absorpt~on co1~~~ pressure drop 
Run hlqmd flo1[ Gas flO1[ Pressure drop 
1b mo1e/ft2 h 1b mo1e/ft2 h atm/ft 
1 0 3.52 0.00049 
2 5.12 0.00098 
3 6.07 0.00131 
4 8.00 0.00220 
5 9.60 0.00285 
6 11.20 0.00427 
7 638 3.52 0.00061 
8 5.12 0.00122 
9 6.07 0.00180 
10 8.00 0.00293 
11 9.60 0.00402 
12 11.20 0.00570 
TABLE A3.5. Laboratory packed absorption column mass transfer 
coefficient 
Gas flow 
Inlet gas concentration 
Outlet gas concentration 
Liquid flow 
Temperature 
Pressure 
0.5 1b mo1e/h 
0.096 mole fraction 
0.000076 mole fraction 
446 1b mo1e/ft2 h 
200 e 
1 atmosphere absolute 
TABLE A3.6. Plant packed absorption column mass transfer 
coefficient 
Gas flow 
Inlet gas concentration 
Outlet gas concentration 
Liquid flow 
Temperature 
Pressure 
102 lb mole/h 
0.0435 mole fraction 
0.00179 mole fraction 
21.5 lb mole/ft2 h 
about 300 e 
1.1 atmosphere absolute 
• 
1'" I'" 
AP Pl"IJDIX It 
EXPElloT!:S:JTAL FR"Ef,lllF.}iCY Rl.:'SP05BS OF LABORATORY AlJD PIAm 
PLAn~ AND PACKeD ABSORPI'ION COLUNJ'TS 
w = angular frequency rad/h 
a.r. = anlPlitude ratio 
p.a. = phase ar~le degrees 
TABLE A4.1. Laboratory plate absorptlon column - frequency 
response of outlet liquid flO~l to inlet liquid fl01;. 
Run Forcing signal Measured response 
w a.r. p.a. 
~ 96 1.0 - 7 
2 183 0.94 -21 
3 184 0.98 -44 
4 193 0.97 -44 
5 215 0.99 -43 
6 272 0.90 -66 
7 313 0.79 -68 
8 343 0.81 -81 
9 387 0.76 -80 
w 419 0.72 -97 
TABLE A4.2. Laboratory plate absorption column - frequency 
response of outlet liquid concentration to inlet liquid flo1[. 
175 
Run Forcing signal Measured response Correction Corrected response 
w a.r. p.a. a.r. p.a. a.r. p.a. 
1 ~5 0.81 - 64 1.0 - 9 0.81 - 55 
2 
-
167 0.79 - 77 1.0 -10 0.79 - 67 
3 222 0.67 -97 1.0 -13 0.67 - 84 
4 273 0.60 -107 0.99 -16 0.61 - 91 
5 305 0.55 -135 0.99 -18 0.56 -117 
'6 347 0.5~ -~5 0.99 -21 0.52 -~24 
7 436 0.365 -~77 0.98 -26 0.374 -15~ 
8 665 0.286 -225 0.96 -38 0~294 -187 
9 730 
-
0.208 -256 0.95 -43 0.219 -213 
~o 838 0.175 -272 0.94 -48 0.189 
-224 
TABLE A4.3. L.1.borato.ry plat.e <1bsorption coluren - freqt:ency 
response of outlet hquid concent.ration to inlet gas floH. 
Run Forcing signal Heasured response Correction Correcoed response 
w a.r. p.a. a.r. p.a. a.r. poa. 
1 100 0.96 - 5 1.0 - 5 0.96 0 
2 175 0.80 - 23 1.0 -10 0.80 -13 
3 185 0.80 - 29 1.0 -ll 0.80 -18 
4 285 0.75 - 47 0.99 -17 0.75 -30 
5 343 0.68 - 64 0.99 -21 0.68 -43 
6 410 0.69 - 63 0.98 -24 0.70 -39 
7 524 0.53 - 83 0.97 -31 0.54 -52 
8 571 0.65 - 93 0.97 -33 0.67 -60 
9 683 0.50 - 97 0.95 -40 0.53 -57 
10 756 0.389 - 85 0.94 -44 0.412 -41 
II 775 0.421 -114 0.94 -45 0.445 -69 
12 872 0.398 -ll8 0.94 -50 0.424 -68 
13 982 0 • .33.3 -1.32 0.92 -57 0.36.3 -75 
14 982 0.278 -129 0.92 -57 0.303 -72 
15 1080 0 • .307 -142 0.90 -62 0.341 -80 
16 1255 0.29.3 -141 0.87 -71 0.337 -70 
Run 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
Run 
1 
2 
3 
4 
5 
6 
7 
8 
. 9 
10 
II 
12 
TABIE 1\4.4. Ll.bomtory packed absorption colurUl - freque:lCY 
response of outlet liqlUd flo'; to inlet liquid flou. 
Forclng slgnnl Heasured response Correction Corrected response 
w a.r. p.a. a.r. p.a. a.r. p.a. 
147 1.0 -41 1.0 -14 1.0 -27 
210 0.93 -59 1.0 -18 0.93 -41 
274 0.93 -72 1.0 -21 0.93 -51 
353 0.93 -89 0.99 -26 0.94 -63 
498 0.93 -124 0.97 -34 0.96 -90 
648 0.84 -167 0.89 -41 0.95 -126 
785 0.82 -192 0.81 -50 1.02 -142 
982 0.65 -250 0.72 -58 0.91 -192 
1100 0.67 -262 0.65 -64 1.02 -198 
1425 0.52 -337 0.50 -78 1.03 -259 
1460 0.477 -349 O.W -80 0.99 -269 
TABLE A4.5. Laboratory packed absorption column - frequency 
response of outlet liquid concentration to inlet liquid flo,[. 
Forcing signal Heasured response Correction Corrected response 
w a.r. p.a. a.r. p.a. a.r. p.a. 
123 0.99 -37 1.0 -ll 0.99 -26 
165 0.97 -57 1.0 -16 0.97 -41 
242 0.92 -70 0.97 -21 0.95 -49 
322 0.79 -105 0.92 -28 0.86 
-77 
377 0.81 -118 0.89 -31 0.89 -87 
522 0.71 -160 0.82 -40 0.85 -120 
706 0.50 -203 0.73 -49 0.68 -154 
871 0.413 -248 0.66 -55 0.63 -193 
1045 0.345 -295 0.59 -60 0.58 -235 
1185 0.275 -332 0.56 -64 0.50 -268 
1255 0.265 -371 0.53 -66 0.50 -305 
1495 0.172 -436 0.47 -70 0.378 -366 
177 
Run 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
li 
12 
Run 
1 
2 
3 
4 
5 
. 
6 
TABlE A4.6. Lo.boro.t02',,.- po.cked ~scrption colun.'1 - l'rcq'J.ency 
response of outlet hquid concentro.tion to ir~Gt gas 1'101,. 
Forcing signal l1ea~ured response Correctjon Correctcd response 
w a.r. p.a, a.r. p.a, a.r. p.a. 
125 0.98 -15 1.00 -lo 0.98 -5 
169 0.92 -16 1.00 -14 0.92 -2 
259 0.79 -36 0.97 -20 0.82 -16 
353 0.78 -41 0.93 -27 0.83 -14 
436 0.68 -56 0.83 -38 0.83 -18 
706 0.66 -64 0.74 -46 0.88 -18 
898 0.53 -86 0.66 
-55 0.81 -31 
1045 0.485 -85 0.59 -60 0.79 -25 
1255 0.435 -101 0.54 -65 0.80 -36 
1395 0.387 -107 0.50 -69 0.77 -38 
1395 0.387 -107 0.50 -69 0.77 -38 
1745 0.269 -li8 0.421 -75 0.64 -43 
TABlE A4.7. Plant packed absorption column - frequency response 
of outlet liquid flOl;- to inlet liquid flow. 
Forcing signal Measured response Correction Coxrected response 
w a.r. p.a. a.r. p.a. a.r. p.a. 
37.9 1:00 -60 0.94 -20 1.06 -40 
66.9 1.07 -59 0.92 -24 1.17 -35 
103 0.83 -65 0.83 -34 1.0 -31 
193 0.58 
-145 0.62 -52 0.93 -93 
251 0.59 -164 0.52 -59 1.13 -105 
403 0.303 -2.35 0.354 -69 0.85 -166 
178 
179 
TABlE N..8. Plunt packed absorption colurm - frequency responsc 
of outlet liquid concentratIon to inlet liquid floll. 
RlID Forcing s~gnal Heasured response 
w a.r. p.a. 
1 33.9 0.93 -24-
2 55.6 0.92 -46 
3 125 0.75 -80 
4 229 0.59 -140 
5 413 0.282 -210 
, 
, 
, 
. 
, 
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APE"ONDIX 5 
~nJT:CR;:CAl. VAU);"',s OF STAT'_::-V}RIABm HOner. FOR IA130DATo:.1Y 
Pl.ATe Jt5S0RPTIOH COLmrr, 
Tne mllr.erical values of the matrices A and B in equation (4.93) for 
the laboratory plate absorption column using the parameters given in 
Table 6.1, includip~ plate efficiency E of 0.64, are as follob~: g 
-0. 1707-KJ4 0.1707-HJ4 0 0 0 0 0 0 0 0 0 0 
0 -0.1656-1{)4 0.1656-1{)4 0 0 0 0 0 0 0 0 0 
0 0 -0. 1606-KJ4 0.1606-1{)4 0 0 0 0 0 0 0 0 
0 0 0 -0.1558-1{)4 0.1558-1{)4 0 0 0 0 0 0 0 
0 0 0 0 -0 .1511-1{)4 0.1511-104 0 0 0 0 0 0 
A= 0 0 0 0 0 -0.11,66-1{)4 0 0 0 0 0 0 
~ 
0 -0.1157-02 0 0 0 0 -0.5722+ 03 0.5682-t{)3 0 0 0 0 
0 0 -0.4247-03 0 0 0 0.2538+ 01 -0.5722-1{)3 0.5682-1{)3 0 0 0 
0 0 0 -0.1559-03 0 0 0.9137 0.2538-KJ1 -0.5722-1{)3 0.5682-t{)3 0 0 
0 0 0 0 
-0.5719-04 0 0.3289 0.9137 0.2538-1{)l -o.5722-KJ3 0.5682-1{)3 0 
0 0 0 0 0 -0.2099-04 0.1184 0.3289 0.9137 0.2538-KJl -o.5722-t{)3 0.5682-1{)3 
0 0 0 0 0 0 0.4263- 01 0.1184 0.3289 0.9137 0.2538-1{)l -O.5722-t{)3 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
B= 0 0 0 0 
~ 
0 0 0.1511-KJ4 0 
0 0.5218-KJ1 0 0.8065-01 
0 o .1879-t{)1 0 0.2960-01 
0 0.6763 0 0.1086-01 
0 0.2435 0 0.3986-02 
0 0.8764-01 0 0.1463-02 
0.5682-t{)3 0.3155-01 -0.7703-05 0.5368-03 
181 
The cha:"D.cterintic rO:Jts of the ratrix A :::lre G.$ follo1rs: 
A w 
-0 .1466-104 
-o.151b04 
-0. 1558-tD4 
-0.1606-1-04 
-0.1656+04 
-0. 1707-lD4 
-o.4050-lD3 
-0. 5389-lD3 +0.1O.36-tD.3 
-0. 53891{)3 -o.10.36-lD3 
-0. 6367-tD3 -lD • S228-lD2 
-o.6367-f03 -0.8228-102 
-o.6767-tD3 
APPE!1DIX 6 
C!1.TT3RTo:r FO?~ TI-IB OUTJJ:T LIQUID CC~\-;I'J1TI1!~.xIO:r rfC:JPO~TSE TO A STEP CHAIJGE 
TIT n:IET G.\3 EW III A PM13 f£30';PJ'Io:! COT.1Jim TO PASS TIffiOUGH A JilllDITlH 
The outlet. liquid concentration reoponse to a step chanso in the inlet 
gas flO11 in a plate absorption col= will pass through a. mininIum if the 
right-h~~d side of the ordin~ differential equation for this concentra-
tion is negative at zero tine. For the 2-plate collli~ considered in 
section 8, this is equation (8.1Gb). At zero time the liquid concentra-
tion change terms x
o
' X;t nnd ~ are zero. Thus the required condition 
is 
But 
(X_ - X ) j + ~(X - X ) g < 0 
-"21201 
Hence 
_G£+g<O 
'E 2 
But 
Hence 
1 
> 
g 
But at zero time 
t= ~ g 
Hence the required criterion is 
E 
G 
(A6.1) 
(A6.2) 
(A6.3) 
(A6.4) 
(A6.5) 
(A6.6) 
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lBPJV/.T1G:·) OF l:Ol:;;:lTS OF O;rTIJ'::'f LIQUID COllCEllTIl.:\TIO:r PJ~SPOrSE 
roll PLATE Al13o:1.PTTOH COL1.r:::n 
The mor.lent3 of the lllpulse response of the outlet liquid conccntra-
tion to the inlet liquid concentration for the plate abso"t"ption C01U1Ul 
obtained by repeated differentiation of equation (4.79) are 
, )-1 J! = - (1 - A '(0)-
o (A7.1) 
}~ = - ( p'~(0) - P; (0» E (0)-1 + 2( P~(O) - P;(O» E (0)-2 :(0) 
P1CO) = 1 
P2(0) = A 
, 
P 1(0) = 
/ 
P 2(0) = 
1/ 
. Pl(O) = 
n1 
2L 
lW 
2L 
- (1- A)(2 «0)-3 (/(0»2 - '(0)-2 /'(0» (A7.3) 
+ 3 (p1(0) - P2(0»(2' (0)-3 (/(O)i - , (0)-2 t(O» 
- (1 - A )(6, (0)-4( .'(0»3 - 6 E (0)-3 :(0) /(0) 
+ • (0)-2 ,"(0» 
Cl + 1+A) 
l-A 
(1 - 1+A) 
l-A 
(A7.5a) 
(A7.5b) 
(A7.5c) 
(A7.5d) 
~Q)~-L _ (1+A)2 ) 
- l-A (1_A)3 2L 
(A.7.5e) 
1I 11 
P 2(0) = -PI (0) 
P (O)=-.::.~~ (-~ -~ ) "I 1 ~-;)3 1" '1_,,)3 
1 2 L (I-A)3 (1->-)5 
I" 11 ( 
P2 (0) = -PI (0) 
E (s) = P IHl _ P IHl 2 1 
E'(O) = - ( (N-tl) p~(O) - tp~(O») 
t(O) = - ( (N+1)1I « p~(O»2 - AN- l ( P 2(O)h 
+ (Jl+1) (p~(O) - AN P; (0» ) 
~/(O) = - ( (N+1)N(N-1)« p~(0»3 _ >-N-2( p;(O~)3) 
+ 3(N+l)N( p~(O) p~(O) - >-N-l p;(O) p;(O» 
+(N+1)(p~(O)- >-Np;(O») 
(A7.5~) 
(A7.5g) 
(A7.5h) 
(A7.6) 
(A7.7a) 
(A7.7b) 
(1.7.7c) 
(1.7.7d) 
The follolr.ing relationships betlleen the normalised moncnts about the 
origin, the normalised n;oments about the n:e~ cnd the cUIlll.llants are taken 
froM these given by Kendall and Stuart (51, p.56, 
IS = T2 + l~ 
I~ = T3 + 311. T2 + I~ 
114 = T4 + 4l1.T3 + 61~T2 + l~ 
T2 = J~ - ~ 
T3 = I) - 31\1f:z + ~ 
T4 = M4 - 4l1.J) + 6}~12 - 31~ 
H- = C 
-.L _ 1 
M_ = C + C2 
-"2 2 1 
}~ = C3 + 3~Cl + ci 
114 = C4 + 4C3C1 + 3C~ + 6C2Ci + ct 
Cl =~ 
C2 = I~ -}~ 
C3 = I) - 3Hi1. + ~ 
C4 = M4 - 4lJ~ - 3~ + l2M2~ - 6~ 
T3 = C,3 
T4 = C4 + ,3C~ 
69). 
(AS.la) 
(AS.lb) 
(A8.1e) 
(A8.2a) 
(A8.2b) 
(A8.2c) 
(A8.3a) 
(A8.3b) 
(AS.3c) 
(A8.3d) 
(AB.4a) 
(AS.4b) 
(A8.4c) 
(A8.4d) 
(A8.5a) 
(A8.5b) 
(A8.5e) 
(A8.6a) 
G) = T) (A8.6b) 
G4 = 74 - )T~ (AS.6e) 
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j·:Ol:F:HTS AJill SIEPill l~Om;L PAP..\l:ST2':S Fm LADO'1ATORY 
PLATD ABSORPTIOll COLUm 
TABIE A9.1. l1o:nents for responses of laboratory plate 
absorption colunn. 
11. T2 T3 
~ ~ 
{/ilm 0.3779-02 0.2380-05 0.2998-08 
~fio 0.2754-02 0.7560-05 0.4080-07 
~IXN+1 0.1062-01 0.1914-04 0.7095-07 
~;go 0.2781-02 0.7695-05 0.4173-07 
~/~+1 0.5575-02 0.7936-05 0.3192-07 
YNfio 0.2564-03 0.1256-05 0.9191-08 
YNfxN+l 0.2754-02 0.7560-05 0.4080-07 
YNfgo 0.2596-02 0.6677-05 0.3396-07 
YilN+l 0.4041-02 0.8215-05 0.3339-07 
TABIE A9.2. Simple model parameters for responses of laboratory 
plate absorption column. 
l1odel(l) Model(2) 
Tl T T T T n 2 3 1 2 
4~+1 0.1896-02 0.9416-03 0.9416-03 0 0.6298-03 6.0 
'ifto 0 0.2737-02 0 0 0.2698-02 1.04 
XJfxN+l 0.5216-02 0.2700-02 0.2700-02 0.2871-03 0.1853-02 5S1 
xlfio 0 0.2759-02 0 0 0.2712-02 1.05 
~IlN+l 0.1604-02 0.2146-02 0.1825-02 0.1629-02 0.2011-02 1.96 
YN/Yo 0 0.2868-03 0 0 0.3658-02 0.094 
YN~l+l 0 0.2737-02 0 0 0.2698-02 1.04 
YN/Yo 0 0.2574-02 0 0 0.2543-02 1.03 
YN'fU+l 0 0.2138-02 0.1906-02 0 0.2032-02 1.99 
.Lb,:, 
APPFm~1X 10 
SIITLS T~80:CL PAI:!.l:GTLP.S FOR STJ2~DJU~D FL\JS Ar~o:'F110a COI}~n:!rs 
TABIE AlO.l. Sirqlle model parameters for stnl'.dard plate 
absorption colUF~s. 
l1ode1 (1) Hodel (2) 
ResEonse 
£;.11;1+1 k '1 '2 '3 '1 '2 n· 
02 0 0.7545-03 5 
02 0 0.7545-03 20 
Column 1 o .1000-1{) 1 0.1657.;q2 0.1058-02 0.1058-
31 0.1000-tQ1 0.1169-01 0.1701-02 0.1701-
I 
ResEonsE! 
~fio 
. Column 1 0.1822 0** 0.9138-02 0 0.3994-03 0.1497-01 0.381 
2 0.1708 0** 0.8812-02 0 0.3255-03 0.1435-01 0.387 
0.7418-03 0.1333-01 0 • .352 
0.4878-03
1
0.4942-02 0.605 I o 0.3290-02 0.943 I 
0.1851-03 0.6937-02 0.381 , 
0.1041-03 0.3900-02 0.381 I 0.6545-03 0.2453-01 0.381 
0.2293-03
1
0•8594-02 0.381 \ 
0.4955-03 0.1857-01 0.381 , 
0.2054-03 \0.9128-02 0.696 
0.2096-03 0.9114-02 0.674 
0.1865-03jO.8501-02 0.765 
-03 o * 0.5691-02 loll I 
-03 o * 0.4678-02 1.38 
0 0.4231-02 0.696 
0 0.2397-02 0.696 
0.3367-03 0.1496-01 0.696 
0.1180-03 0.5241-02 0.696 
I 0.2549-03 0.1133-01 0.696 
-02 0** 0.4439-02 2.25 I 
3 0.1968 0** 0.7971-02 0 
4 0.2000 0 0.3991-02 0 
5 0.2000 0 0.3212-02 0 
6 0.6075-01 0** 0.4244-02 0 
7 0.2278-01 0** 0.2383-02 0 
8 0.1822 0** 0.1500-01 0 
9 0.1822 0** 0.5249-02 0 
10 0.1822 0** 0.1134-01 0 
11 0.1552 0 0.7770-02 0 
12 0.1459 0 0.7636-02 0 
13 0.1731 0 0.7560-02 0 
14 0.1909 0 0.5912-02 0.1354 
15 0.1935 0 0.5262-02 0.6061 
16 0.5174-01 0 0.3601-02 0 
17 0.1940-01 0 0.2025-02 0 
18 0.1552 0 0.1273-01 0 
19 0.1552 0 0.4461-02 0 
20 0.1552 0 0.9644-02 0 
, 
0.6941-01 0.5601-02 0.3010 21 0 
-02 0** 0.4489-02 2.17 
-02 0** 0.4305-02 2.l/J 
-02 o ** 0.4041-02 2.85 
-02 o ** 0.3964-02 2.97 
22 0.6734-01 0 0.5648-02 0.2812 
23 0.7379-01 0 0.5415-02 0.3495 
24 0.8020-01 0 0.4595-02 0.4597 
25 0.8173-01 0 0.4583-02 0.4583 
26 0.2314-01 0 0.2596-02 0.1393 -02 0** 0.2057-02 2.25 
27 0.8676-02 0 0.1460-02 0.7814 -03 o ** 0.1157-02 2.25 
28 0.6941-01 0 0.9178-02 0.4933 -02 0** 0.7274-02 2.25 
29 0.6941-01 0 0.)217-02 0.1725 -02 o ** 0.2549-02 2.25 
30 0.6941-01 0 0.6949-02 0.3735-02 o ** 0.5508-02 2.25 
31 0.1995 0** 0.1963-01 0 0.2885-02 0.1272 0.091 
0.1594-02 0.1874 0.105 
0.1923-02 0.2711-01 0.16 
0.4935-03 0.4955-02 0.603 
32 0.1946 0** 0.2791-01 0 
. 33 0.2000 0** 0.9814-02 0 
34 0.2000 0 0.3981-02 0 
35 0.2000 0 0.]:'03-03 0 0 0.3290-02 0.91;3 
.. 
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Hode1 (1) !lode1 (2) 
k T T T T T n 1 2 3 1. 2 
Col. 36 0.6651-01 o ** 0.9063-02 0 0.1337-02 0.5897-01 0.091 
37 0.2491+-01 o ** 0.5019-02 0 0.7519-03 0.3315-01 0.091 
38 0.1995 o ** 0.3238-01 0 0.4728-02 0.2085 0.091 
39 0.1995 o ** 0.1132-01 0 0.1657-02 0.7305-01 0.091 
40 0.1995 o ** 0.2451-01 0 0.3580-02 0.1579 0.091 
41 0.1946 o ** 0.6799-01 0 0.2008-02 0.8702-01 0.206 
42 0.1859 o ** 0.3557-01 0 o • 11,J,.0-02 0.9890-01 0.2W 
43 0.1997 o ** 0.1914-01 0 0.2813-02 0.4327-01 0.218 
44 0.2000 0 0.7971-02 0 0.9754-03 0.9385-02 0.605 
45 0.2000 0 0.6415-02 0 0.1189-03 0.6576-02 0.944 
46 0.6487-01 o ** 0.l1,.85-01 0 0.9305-03 0.4033-01 0.20) 
47 0.2433-01 o ** 0.811+8-02 0 0.52.32-03 0.2268-01 0.206 
48 0.1946 o ** 0.5278-01 0 0.3290-02 0.1426 0.206 
49 0.1946 o ** 0.1842-01 0 0.1153-02 0.4997-01 0.206 
50 0.1946 o ** 0.3965-01 0 0.2491.-02 0.1080 0.206 
51. 0.l427 0 0.2498-01 0.1497-03 o * 0.2375-01 1.14 
52 0.1357 0 0.2563-01 0 o * 0.2525-01 1.05 
53 0.1563 0 0.2244-01 0.2845-02 o * 0.1.958-01 1.45 
54 0.1723 0 0.1519-01 0.1014-01 o ** 0.1148-01 2.90 
55 0.1754 0 0.1189-01 0.1189-01 o ** 0.9231-02 3.99 
56 0.4786-01. 0 0.1157-01 0 o * 0.1101-01 1.14 
57 0.1784-01. 0 0.6503-02 0 o * 0.61.90-02 1..1.4 
58 0.1427 0 0.4093-01. 0.2627-03 o * 0.3893-01 1.1.4 
59 0.1427 0 0.1.434-01 0 o * 0.1364-01 1.1.4 
60 0.1427 0 0.3099-01 0.1333-03 o * 0.2948-01 1..14 
. 
Resl20nse 
XJXN+1. 
Column 1. 0.2711 0.3005-02 0.l24l-01 0.4362-02 0.4764-02 0.1l53-01. 1..30 
2 0.1.887 0.2778-02 0.1l90-01 0.4031.-02 0.4475-02 0:1lO9-01. 1.28 
• 3 0.5079 0.3559-02 0.ll2O-01 0.5221-02 0.4910-02 0.101.3-01. 1.49 
4 0.9000 0.5933-02 0.5.344-02 0.5344-02 0.2021-02 0./+431-02 3.30 
5 0.9900 0.6787-02 0.4481-02 0.4481.-02 0.2446-03 0.3251-02 4.77 
6 0.2711 0.1393-02 0.5752-02 0.2202-02 0.2208-02 0.5342-02 1.30 
7 0.2711 0.7832-03 0.3234-02 0.1137-02 0.1241-02 0.3004-02 1.30 ' 
8 0.2711 0.4925-02 0.2034-01. 0.7148-02 0.7806-02 0.1889-01. 1.30 
9 0.2711 0.1726-02 0.7126-02 0.2505-02 0.2735-02 0.6618-02 1.30 I 
10 0.2711 0.3729-02 0.1540-01 0.5413-02 0.5911-02 0.1.430-01 1.30 
II 0.3791 0.3548-02 0.81.46-02 0.4548-02 0.4304-02 0.7291-02 1.64 
12 0.3068 0.3379-02 0.8122-02 0.4318-02 0.4203-02 0.7284-02 1.60 
13 0.5673 0.3933-02 0.7423-02 0.5304-02 0.4249-02 0.6707-02 1.85 
14 0.9046 0.5953-02 0.5035-02 0.5035-02 0.2127-02 0.4150-02 3.35 
15 0.9903 0.6774-02 0.4461.-02 0.4461-02 0.2977-03 0.3240-02 4.75 
16 0.3791 0.1644-02 0.3776-02 0.2108-02 0.1995-02 0.3379-02 1.64 
17 0.3791 0.9245-03 0.2123-02 0.1l85-02 0.1l22-02 0.1.900-02 1.64 
18 0.3791 0.5814-02 0.1335-01 0.7452-02 0.7053-02 0.1l95-01 1.64 
. 19 0.3791 0.2037-02 0.4677-02 0.2611-02 0.2471.-02 0.41.86-02 1.64 
20 0.3791. 0.4402-02 0.1011-01 0.5643-02 0.5340-02 0.9047-02 1..64 
21 0.7224 0.5922-02 0.4538-02 0.4538-02 0.1550-02 0.3591-02 3.75 
22 0.6801 0.5787-02 0.4539-02 0.4539-02 0.1688-02 0.3635-02 3.63 
23 0.8155 0.6227-02 0.4515-02 0.451.5-02 0.1l67-02 0.3470-02 4.06 
24 0.9599 0.6729-q~ 0.4425-02 0.4425-02 0.3109-03 0.3215-02 4.75 
25 0.9959 0.6862-02 0.4393-02 0.4393-02 0 0.3140-02 4.97 
!lot1el (1) ;:od01 (Z) I 
l- e T e T , n ,- 1 Z 3 1 Z 
Col. Z6 0.7221+ 0.Z7I+5-0Z 0.210)-02 0.210J-02 0.7183-03 0.1665-0213.75 
27 0.7224- 0.1543-02 0.1183-02 0.1l~3-02 0.4038-03 0.9359-03 13.75 
28 0.7221+ 0.9705-0Z 0.7437-02 0.7437-02 0.2540-02 0.5,,35-0213.75 
29 0.7224 0.3400-02 0.26C6-02 0.2006-0Z 0.8S93-03 0.2062-02 3.75 
30 0.7224 0.7348-{)Z 0.5631-02 0.5631-02 0.1923-02 0.1..456-02 3.75 
31 0.2019 0.5090-01 0.9939-01 0.4370-01 0.6355-01 0.9037-01 1.1..4 
32 0.7582-01 0.4877-01 0.1392 0.4314-01 0.6872-01 0.1308 1.24 
33 0.5000 0.5610-01 0.2831-01 0.2331-01 0.3657-01 0.2369-01 3.22 
34 0.9000 0.5031-01 0.9247-02 0.9247-02 0.9551-02 0.4837-02 12.3 
35 0.9900 0.4868-01 0.72;'8-{)2 0.7257-02 0.1158-020.3280-021 18.9 
36 0.2019 0.2359-01 0.46Cf7-01 0.2025-01 0.29!,5-01 0.4188-01 1.l,.4 
37 0.2019 0.1327-01 0.2590-01 0.1139-01 0.1656-01 0.2355-01 1.l..4 
38 0.2019 0.83hZ-Ol 0.1629 0.7161-01 0.1041 0.1481 1.41+ 
39 0.2019 0.2923-01 0.570'1-01 0.2509-01 0.361;9-01 0.5189-01 1.l..4 
40 0.2019 0.6316-01 0.1233 0.5h22-01 0.7885-01 o .11Z!. 1.l..4 
41 0.2215 0.40h7-01 0.6790-01 0.2472-01 0.5001-01 0.6284-0111.32 
42 0.1170 0.3953-01 0.7648-01 0.2l,88-01 0.5048-01 0.'1154-0111.26 
43 0.5008 0.4121-01 0.3536-01 0.2399-01 0.4310-01 0.3178-01 1.81 
l..4 0.9000 0.4680-9} 0.1062-01 0.1062-01 0.2232-<l1 0.6339-02 6.69 
45 0.9900 0.1+826-01 0.7433-<l2 0.7433-02 0.4169-02 0.3489-02 16.9 
46 0.2215 0.1876-01 0.3147-01 0.1]1.6-01 0.2318-01 0.2913-01 1.32 
47 0.2215 0.1055-01 0.1769-01 0.6442-02 0.1303-<l1 0.1638-01 1.32 
48 0.2215 0.6633-01 0.1ll3 0.4051-01 0.8195-01 0.1030 1.32 
49 0.2215 0.2324-01 0.3899-01 0.1419-01 0.2871-01 0.360S-<l1 1.32 
50 0.2215 0.5022-01 0.8h25-01 0.3067-01 0.6205-01 0.7798-01 1.32 
51 0.4293 0.3767-01 0.2311-01 0.1074-01 0.4047-<l1 0.2091-<l1 1.49 
52 0.3556 0.3729-01 0.2427-01 0.1Cf71-01 0.4036-01 0.2206-<l1 1.45 
53 0.6092 0.3843-01 0.1926-01 0.1l41-{)1 0.4000-01 0.1722-{)1 1.69 
54 0.9139 0.4370-01 0.1021-<l1 0.1021-01 0.3010-{)1 0.7560-<l2 4.50 55 0.9912 0.4777-0 0.7501-<l2 0.7501-{)2 0.7434-<l2 0.3652-<l2 15.2 
56 0.4293 0.1746-01 0.1071-<l1 0.4977-02 0.1876-<l1 0.9692-02 1.49 
57 0.4293 0.9818-<l2 0.6022-{)Z 0.2798-{)2 0.1055-<l1 0.5449-<l2 1.49 
58 0.4393 0.6174-01 0.3787-<l1 0.1760-01 0.6632-<l1 0.3427-<l1 1.49 
59 0.4293 0.2163-01 0.1327-<l1 0.6166-{)2 0.2324-<l1 0.1201-01 1.49 
60 0.4293 0.4675-<l1 0.2867-<l1 0.1332-<l1 0.5022-<l1 0.2595-<l1 1.49 
Resl20nse 
~/;o 
Column 1 0.4220-03 0 0.1219-<l1 0 0* 0.1293-<l1 0.880 
2 0.3113-<l3 0 0.1182-<l1 0 0* 0.1220-01 0.935 
3 0.6127-<l3 0 0.1050-01 0 0 0.1228-<l1 0.709 
4 0.6666-{)3 0 0.4367-{)2 0 0.4377-{)3 0.5221-{)2 0.656 
5 0.6667-03 0 0.3243-02 0 0 0.3321-{)2 0.944 
6 0.1407-{)3 0 0.5650-02 0 0* 0.5991-02 0.880 
7 0.5275-{)4 0 0.3178-{)2 0 0 0.3345-{)2 0.880 
8 0.4220-03 0 0.1997-{)1 0 0* 0.2118-01 0.880 
9 0.4220-03 0 0.7003-{)2 0 0* 0.7421-{)2 0.880 
10 0.4220-{)3 0 0.1513-01 0 0* 0.1604-{)1 0.880 
. 11 0.3522-{)3 0 0.8615-02 0.3979-<l3 0* 0.8223-{)2 1.13 
12 0.2910-<l3 0 0.8548-02 0.5037-03 0* 0.8111-02 1.15 
13 0.4849-{)3 0 0.8202-02 0.2176-<l3 0* 0.78°9-{)2 1.10 
14 0.6257-03 0 0.6065-02 0.3792-<l3 0* 0.56::$1-02 1.22 
15 0.6441-{)3 0 0.5278-02 0.6309-03 0* 0.4678-{)2 1.39 
191 
------
-
;:Cde1 (1) llodcl (2) 
le 
'1 , , 'I 
, n 2 .3 2 
Col. 16 0.1l71,-0.3 0 0 • .3993-02 0.18.3.3-03 0* o • 3811-0211.1.3 
17 0.ll403-04 0 0.2245-C2 0.1022-83 0 0.211..3-02 1.13 
18 0.3522-03 0 0.1412-01 0.6536-03 0* 0.1348-01 1.13 
19 0 • .3522-03 0 0.4947-02 0.2231-0.3 0* 0.4721-02 1.13 
20 0 • .3522-0.3 0 0.1069-01 0.4918-0.3 0* 0.1020-01 1.13 
21 0.19.39-03 0 0.5236-02 0 • .3912-02 0** 0.4285-02 2.52 
22 0.1817-03 0 0.5294-02 0.3797-02 0** 0.4389-02 2.1.8 
23 0.2206-0.3 0 0.1.987-02 0.4264-02 0** 0.4206-02 2.65 
21+ 0.2617-0.3 0 0.460.3-02 0.4683-02 o ¥* 0.4020-02 2.90 
25 0.2719-03 0 0.lf584-o2 0.1.55.+-02 0"'* 0 • .3962-02 2.97 
26 0.6462-01. 0 0.2429-02 0.1809-02 0"'* 0.1986-02 2.52 
27 0.2423-04 0 0.1368-02 0.lOlh-02 0"'* 0.1ll7-o2 2.52 
28 0.1939-03 0 0.8582-02 0.6409-02 0** 0.7022-02 2.52 
29 0.1939-03 0 0.3009-02 0.2242-02 0** 0.2460-02 2.52 
.30 0.1939-03 0 0.6499-02 0.4851-02 0** 0.5.317-02 2.52 
.31 0.6400-03 0** 0.8451-01 0 0* 0.1lh5 0.541 
32 0.4339-03 0** 0.1.340 0 0* 0.1474 0.824 
.3.3 0.6667-0.3 0** 0.1794-01 0 0.1951f-02 0.2965-01 0.356 
34 0.6667-03 0 0.4.357-02 0 0.4506-03 0.5251-02 0.650 
- .35 0.6667-0.3 0 0.32.3.3-02 0 0 0 • .3.321-02 0.9ll4 
.36 o. 2J .3.3-0.3 0** 0 • .3912-01 0 0* 0.5.307-01 0.541 
.37 0.8000-04 0** 0.2198-01 0 0* 0.2984-01,0.541 
.38 0.6400-03 0** 0.1.384 0 0* 0.1876 0.541 
.39 0.6400-0.3 0** 0.4856-01 0 0* 0.6574-01 0.541 
40 0.6400-0.3 0** 0.1048 0 0* 0.1421 0.541 
41 0.5418-0.3 0 0.6541-01 0 0* 0.726.3-01 0.804 
42 0 • .3784-0.3 0 0.7601-01 0 0* 0.784.3-01 0.9ll4 
43 0.6596-0.3 0** 0 • .3112-01 0 0.1201-02 0.4227-01 0.522 
ll4 0.6667-0.3 0 0.8728-02 0 0.8781-03 0.1045-01 0.656 
45 0.6667-03 0 0.6478-02 0 0.1l68-0.3 0.66.38-02 0.945 46 0.1806-03 0 0 • .30.30-01 0 0* 0 • .3366-01 0.804 
47 0.6772-04 0 0.170.3-01 0 0* 0.189.3-01 0.804 
48 0.5418-03 0 0.1072 0 0* 0.1l90 0.804 
49 0.5418-03 0 0 • .3754-01 0 0* 0.4170-01 0.804 
50 0.5418-0.3 0 0.8116-01 0 0* 0.9012-01 0.804 
51 0.351.3-03 0 0.2509-01 0.99.38-02 0* 0.2027-01 1.95 
52 0 • .3041-0.3 0 0.2604-01 0.1026-01 0* 0.2116-01 1.92 
53 0.ll481-03 0 0.2206-01 0.9692-02 0** 0.1741-01 2.13 
54 0.5625-03 0 0.1317-01 0.1317-01 0"'* 0.1l08-01 
.3.23 
55 0.5834-03 0 0.1l90-o1 0.1l90-01 0** 0.9194-02 4.04 56 0.1l71-03 0 0.1164-01 0.4568-02 0* 0.9395-02 1.95 
- 57 0.4392-04 0 0.6556-02 0.2501-02 0* 0.5283-02 1.95 58 0.3513-03 0 0.4lll-01 0.1632-01 0* 0.3322-01 1.95 
59 0.3513-03 0 0.lll41-01 0.5665-02 0* 0.1l64-01 1.95 60 0.3513-03 0 0.3113-01 0.1233-01 0* 0.2515-01 1.95 
RcsEonse 
X/hH1 
Co1unm 1 
-0.Sll40-04 0.1067-02 0.~-01 0 0.2386-02 0.1.306-01 0.829 
2 -0.6227-04 0.1391-02 0.1l72-01 0 0.2331-02 0.1236-01 0.87.3 
3 -0.1225-03 0.6640-03 0.1057-01 0 0.2799-02 0.1223-01 0.690 
- -
;192 
Hodol (1) Hodsl (2) 
}: Tl T2 '3 Tl '2 n 
Col. 4 -{1.l333-03 0.2.323-02 0.1)...71,-02 0 0.26]4...1J2 0.l>667-02 0.897 
5 -0.1333-03 0.]428-02, 0.3172-02 0.1605-02 0.1775-02 0.2353-02 1.55 
6 
-0.9378-05 0.10lL-02 0.5602-02 0 0.1607-02 0.6014-02 0.833 
7 -0.1:;'19-05 0.8132-03 0.3143-02 0 0.1ll0-02 0.3345-02 0.851 
8 -0.8440-04 0.2347-03 0.1998-01 0 0.2322-02 0.2139-01 0.839 
9 -0.8!.,LD-0/+ 0.1569-02 0.6930-02 0 0.2262-02 0.71,.08-02 0.842 
10 -0.8440-04 0.2290-02 0.1501-01 0 0.3910-02 0.1614-01 0.830 
II -0.7044-04 0.191+3-02 0.81f01-02 0.5980-03 0.21f59-02 0.8361-02 1.02 
12 -0.5820-04 0.1787-02 0"m8-0'2 0.7982-03 O.2h39-o2 0.8270-02 1.03 
13 -0.9597-04 0.2179-02 0.7964-02 0.3438-03 0.21.93-02 0.7950-02 1.01 
14 -0.1251-03 0.1363-02 0.5652-02 0.1711-02 0.2173-02 0.5321-02 1.23 
15 -0.1288-03 O.llS5-02 0.4656-02 0.2361-"02 0.1693-02 0.4186-02 1.56 
16 -0.7827-05 0.1279-02 0.3858-02 0.3827-03 0.1589-02 0.3824-02 1.03 
17 -0.1101-05 0.8121-03 0.2153-02 0.3533-03 0.1058-02 0.2106-02 1.07 
18 -0. 70l,.lT-04 0.1253-02 0.lJ87-01 0.1566-02 0.21,84-02 0.1371-01 1.04 
19 -0.7044-04 0.1712-02 0.4759-02 0.6419-03 0.2191-02 0.4686-02 1.05 
20 -0.7044-04 0.3204-02 0.1036-01 0.8458-03 0.3917-02 0.1029-01 1.02 
21 -0.3877-04 0.1371-02 0.4431-02 0.4431-02 0.1007-02 0.4321-02 2.:u.. 
22 -0.3633-04 0.1328-02 0.4"28-02 0.41~8-02 0.1088-02 0.4355-02 2.09 
, 23 
-0.4413-04 0.1482-02 0.4417-02 0.4Ll7-02 0.7969-03 0.4218-02 2.26 
24 -0.5234-04 0.1699-02 0.4347-02 0.4347-02 0.3661-03 0.3983-02 2.52 
25 -0.5437-04 0.1762-02 0.4320-02 0.4320-02 0.2330-03 0.3911-0Z 2.60 
26 -0.4308-05 0.1l05-02 0.2007-02 0.2007-02 0.8533-03 0.1933-02 2.21 
27 -0.6058-06 0.8336-03 0.1ll3-02 0.1ll3-o2 0.5744-03 0.1040-02 2.39 
28 -0.3877-0" 0.8932-03 0.7413-02 0.74]4-02 0 0.7156-02 2.19 
29 -0.3877-04 0.1643-02 0.2465-02 0.2465-02 0.1l99-02 0.2337-02 2.30 
30 -0.3877-04 0.2577-02 0.5409-02 0.51;.09-02 0.2026-02 0.5244-02 2.17 
31 -0.1280-03 0 0.8658-01 0 0.1229-01 0.ll52 0.518 
32 -0.8678-04 0 0.1345 0 0.4736-02 0.1489 0.824 
33 -0.1333-03 0.6865-02 0.1916-01 0 0.1546-01 0.2874-01 0.370 
34 -0.1333-03 0.1074-;P). 0.3687-02 0.3687-02 0.1008-01 0.3496-02 2.30 
35 -0.1333-03 0.1179-01 0.2864-02 0.2864-02 0.6969-02 0.2007-02 5.26 
36 -0.l422-o4 0 0.4034-01 0 0.8822-02 0.5350-01 0.509 
37 -0.2000-05 0 0.2274-01 0 0.6434-02 0 • .3011-01 0.502 
38 -0.1280-03 0** 0.]490 0 0.1l32-0l 0.1884 0.526 
39 -0.1280-03 0 ,0.5005-01 0 0.1281-01 0.6632-01 0.505 
40 -0.1280-03 0 0.1079 0 0.2105-01 0.1432 0.512 
41 -0.1084-03 0 0.6558-01 0 0.1080-01 0.7392-01 0.737 
42 -0.7567-04 0.2852-02 0.7571-01 0 0.9349-02 0.8008-01 0.865 
43 -0.1319-03 0.3825-02 0.3152-01 0 0.1510-01 0.4232-01 0.480 
hi;. -0.1333-03 0.1267-01 0.8379-02 0 0.1313-01 0.8618-02 0.930 
45 -0.1333-03 0.1066-01 0.46"5-02 0.4645-02 0.1063-01 0.4636-02 2.01. 
46 -0.1204-04 0.2425-02 0.3018-01 0 0.8133-02 0.3448-01 0.712 
47 -0.1693-05 0.2590-02 0.1686-01 0 0..6024-02 0.1947-01 0.693 
48 -0.1084-03 0 0.1075 0 0.8750-02 0.1204 0.761 
49 -0.1084-03 0.4609-02 0.3725-01 0 0.1194-01 0.4282-01 0.701 
50 -0.1084-03 0.44ll-02 0.8098-01 0 0.1922-01 0.9214-01 0.719 
51 -0.7027-04 0.8682-02 0.2396-01 0.9323-02 0.1l97-01 0.2204-01 1.36 
52 -0.6082-04 0.8618-02 0.2501-01 0.9486-02 0.1208-01 0.2306-01 1.35 
53 -0.8963-04 0.8840-02 0.2066-01 0.9424-02 0.ll39-01 0.1872-01 1.47 
54 -0.1125-03 0.1037-01 0.ll66-0l 0.1166-01 0.7182-02 0.1078-01 2.46 
55 -0.1167-03 0.1225-01 0.1009-01 0.lOC9-01 0.3288-02 0.8099-02 3.60 
56 -0.7807-05 0.7426-02 0.1l05-01 0.2958-02 0.8982-02 0.10;"1-01 1.19 
57 -0.1098-05 0.5777-02 0.6155-02 0.1075-02 0.6505-02 0.6005-02 1.08 
58 -0.7027-04 0.4634-02 0.3899-01 0.1964-01 0.8924-02 0.3507-01 1.55 
59 -0.7027-04 0.1125-01 0.1362-01 0.2)101-02 0.1303-01 0.1316-01 1.12 
60 -0.7027-04 0.1709-01 0.2967-01 0.8997-02 0.2133-01 0.2793-01 1.23 
193 
lIodel (1) Hodol (2) l 
k Tl T" ~ T3 Tl T2 n 
.licrmonfte 
y1lyo 
Colur:m 1 0.8882-01 0.3005-02 0.121~-01 0.1.362-02 0.h76l,-02 0.1153-01 1.30 
2 0.J.J,.60 0.2778-02 0.11<;>0-01 0.4031-02 0.4475-02 0.1109-01 1.28 
3 0.1587-01 0.3559-02 0.1120-01 0.5221-(,2 0.4910-02 0.1013-01 1.49 
I. 0.9000-05 0.5933-02 0.5344-02 0.5344-02 0.2021-02 0.11431-02 3.30 
5 0.9900-10 0.6787-02 0.LlJ81-02 0.4481-02 0.241,.6-03 0.3251-02 1..77 
6 0.8882-01 0.1393-02 0.5752-02 0.2022-02 0.2208-02 0.531.;2-02 1.30 
7 0.8882-01 0.7832-03 0.3231.-02 0.1137-02 0.1::>..41-02 0.3004-02 1.30 
8 0.8882-01 0.1.925-02 0.2031.-01 0.7148-02 0.7806-02 0.1889-01 1.,30 
9 0.8882-01 0.1726-02 0.7126-02 0.2505-02 0.2735-02 0.6618-02 1.30 
, 
10 0.8882-01 0.3729-02 0.1540-01 0.51f13-02 0.5911-02 0.1430-01 1.30 
11 0.2238 0 0.8391-02 0 0* 0.81.59-02 1.01 
12 0.2703 0 0.8376-02 0 0* 0.8304-02 1.04 
13 0.1346 0** 0.7743-02 0 0* 0.8345-02 0.883 
14 0.4552-01 0** 0.2863-02 0 0** 0.7228-02 0.329 
15 0.3253-01 0** 0.2007-03 0 0** 0.6902-02 0.039 
16 0.2238 0 0.3889-02 0 0* 0.3921-02 1.01 
17 0.2238 0 0.2185-02 0 0* 0.2204-02 1.01 
18 0.2238 0 0.1375-01 0 0* 0.1386-01 1.01 
19 0.2238 0 0.4817-02 0 0* 0.4857-02 1.01 
20 0.2238 0 0.1042-01 0 0* 0.1050-01 1.01 
21 0.6530 0** 0.7008-03 0 0** 0.7846-02 0.113 
22 0.6633 0** 0.8123-03 0 0** 0.7767-02 0.129 
23 0.6310 0** 0.4551-03 0 0** 0.7995-02 0.077 
24 0.5990 0** 0.9317-04 0 0** 0.8173-02 0.017 
25 0.5914 0** 0 0 0** 0.8209-02 0.0018 
26 0.6530 0** 0.3202-03 0 0** 0.3636-02 0.113 
27 0.6530 0** 0.1786-03 0 0** 0.2045-02 0.113 
28 0.6530 0** 0.111,6-02 0 0** 0.1286-01 0.113 
29 0.6530 0** 0.3987-03 0 0** 0.4505-02 0.113 
30 0.6530 0** 0.8675-03 0 0** 0.9735-02 0.113 
31 0.2327-02 0.5090-01 0.9939-01 0.4370-01 0.6355-01 0.9037-01 1.44 
32 0.2718-01 0.4877-01 0.1392 0.4314-01 0.6872-01 0.1308 1.24 
33 0.4768-06 0.5610-01 0.2831-01 0.2831-01 0.3657-01 0.2369-01 3.21 
34 0.9000-20 0.5031-01 0.9247-02 0.9247-02 0.9551-02 0.4837-02 12.3 
35 0.9900-40 0.4868-01 0.7258-02 0.7257-02 0.1158-02 0.3280-02 18.9 
36 0.2327-02 0.2359-01 0.4607-01 0.2025-01 0.2945-01 0.4188-01 1.44 
37 0.2327-02 0.1327-01 0.2590-01 0.1139-01 0.1656-01 0.2355-01 1.44 
38 0.2327-02 0.8342-01 0.1629 0.7161-01 0.1041 0.1481 1.114 
39 0.2327-02 0.2923-01 0.5707-01 0.2509-01 0.3649-01 0.5189-01 1.114 
40 0.2327-02 0.6316-01 0.1233 . 0.5422-01 0.7885-01 0.1121 1.44 
41 0.2694-01 0.7380-02 0.6813-01 0.2280-01 0.1711-01 0.6356-01 1.28 
42 0.7050-01 0.8808-02 0.7663-01 0.2335-01 0.1978-01 0.7210-01 1.23 
43 0.1588-02 0.2620-02 0.3704-01 0.1916-01 0.6543-02 0.3327-01 1.57 
44 0.5774-05 0 0.1191-01 0 0** 0.lll4-01 1.21 
45 0.1152-05 0** 0.1254-02 0 0** 0.9033-02 0.165 
46 0.2694-01 0.3421-02 0.3158-01 0.1057-01 0.7929-02 0.2946-01 1.28 
47 0.2694-01 0.1923-02 0.1775-01 0.5940-02 0.4458-02 0.1656-01 1.28 
48 0.2694-01 0.1209-01 0.1ll6 0.3736-01 0.2801.-01 0.1042 1.28 
49 0.2694-01 0.4237-02 0.3912-01 0.1309-01 0.9823-02 0.3649-01 1.28 
50 0.2694-01 0.9157-02 0.8453-01 0.2828-01 0.2123-01 0.7887-01 1.28 
, 
I , 
~ 
I llodcl (1) l':odel (2) 
k T1 T2 T3 Tl T2 n 
Col. 51 0.2866 0** 0.2106-01 0 0** 0.2707-01 0.660 
52 0.3217 0** 0.2257-01 0 0** 0.2774-01 0.706 
53 0.2184 0** 0.1606-01 0 0** 0.2494-01 0.523 I I 
54 0.1386 0** 0.2431-02 0 0** 0.2066-01 0.153 I 
55 0.1232 0** 0.1647-03 0 0** 0.1951,-01 0.017 I 
56 0.2366 0** 0.9741-02 0 0** 0.1255-01 0.66e I I 
57 0.2866 0** 0.5462-02 0 0** 0.7055-02 0.660 I I 
58 0.2866 0** 0.3452-01 0 0** 0.41,37-01 0.660 I 
59 0.2866 0** 0.1207-01 0 0** 0.1554-01 0.660 I 
60 0.2866 0.2811-01 0.660 
, 
0** 0 0** 0.3359-01 I I 
RE::s2onse 
YI/go 
Column 1 0.9272-03 0 0.1252-01 0 0* 0.1245-01 1.02 
2 0.1290-02 0 0.1189-01 0 0* 0.1209-01 0.966 
I 3 0.2167-03 0 0.1164-01 0.lJ45-02 0* 0.1087-01 1.20 
4 0.1467-06 0 0.6039-02 0.4687-02 G ** 0.5021-02 2.50 
5 0.1647-11 0 0.4699-02 0.4699-02 0** 0.3872-02 3.35 
6 0.9272-03 0 0.5802-02 0 0'" 0.5770-02 1.02 
7 0.9273-03 0 0.3262-02 0 0* 0.3244-02 1.02 I 8 0.9273-03 0 0.2051-01 0 0* 0.2040-01 1.02 
9 0.927'3-03 0 0.7187-02 0 o· 0.7148-02 1.02 I 10 0.9273-03 0 0.1553-01 0 0* 0.1545-01 1.02 
11 0.8261-03 0 0.8344-02 0 0 0.8595-02 0.939 I 12 0.9772-03 0 0.8255-02 0 0 0.8529-02 0.928 
13 0.4603-03 0 0.7964-02 0 0 0.8104-02 0.960 
14 0.5323-04 0 0.5697-02 0 0 0.5610-02 1.04 I 
15 0.4310-05 0 0.4733-02 0.2599-03 0* 0.4448-02 1.18 
16 0.8261-03 0 0.3867-02 0 0 0.3974-02 0.939 
17 0.8261-03 0 0.2174-02 0 0 0.2235-02 0.939 
18 0.8261-03 0 0.1367-01 0 0 0.1386-01 0.939 
19 0.8261-03 0 0.4791-02 0 0 0.4923-02 0.939 
20 0.8261-03 0 0.1035-01 0 0 0.1064-01 0.939 
21 0.1375-03 0 0.5573-02 0.1275-02 0* 0.47!>3-02 1.57 
22 0.2139-03 0 0.5577-02 0.1203-02 0* 0.4791-02 1.54 I 23 0.1267-03 0 0.5534-02 0.1441-02 0* 0.4642-02 1.66 I 
24 0.2805-04 0 0.5395-02 0.1734-02 o· 0.4393-02 1.84 
25 0.2868-05 0 0.5344-02 0.1816-02 0* 0.4316-02 1.90. i 
26 0.1875-03 0 0.2583-02 0.5883-03 0* 0.2203-02 1.57 I 
27 0.1875-03 0 0.1453-02 0.3290-03 0* 0.1239-02 1.57 
28 0.1875-03 0 0.9132-02 0.2089-02 0* 0.7790-02 1.57 
29 0.1875-03 0 0.3200-02 0.7287-03 0* 0.2729-02 1.57 
30 0.1875-03 0 0.6915-02 0.1581-02 0* 0.5898-02 1.57 
31 0.1256-03 0 0.1039 0.8585-02 0* 0.9481-01 1.28 
32 0.1073-02 0.1000-03 0.1387 0 0* 0.1413 0.971 
33 0.3020-07 0.3013i'~ 0.3067-01 0.3067-01 0** 0.2454-01 3.63 
34 0.5967-21 0.1174-;.0 0.1228-01 0.1228-01 0** 0.5886-02 15.9 
35 0.6597-41 0.1242-01 0.1039-01 0.1039-01 0** 0.4455-02 22.1 
36 0.1256-03 0 0.4d14-01 0.3955-02 0* 0.4395-01 1.28 
37 0.1256-03 0 0.2707-01 0.2168-02 0* 0.2471-01 1.28 
38 0.1256-03 0 0.1 {D2 0.1415-01 0* 0.1554 1.28 
1<)3 
IIOQcl (1) J.:odel (,~) 
le Tl T2 T.3 Tl T2 n 
ColUZ1.'l 
.39 0.1256-0.3 0 0.5964-01 0.1.,.890-02 o * 0.541:4-01 1.28 
1,0 0.1256-0.3 0 0.1289 0.1070-01 o * 0.U76 1.28 
41 0.5.31,6-0.3 0 0.6799-01 0 o * 0.6)'09-01 0.970 
42 0.1207-02 0 0.7526-01 0 o * 0.7924-01 0.898 
4.3 0.:;006-01, 0 0.3858-01 0.1987-02 o * 0 • .3657-01 1.15 
41, 0 • .3286-07 0 0.li56-01 0.4277-0.3 o * 0.1111-01 11.11 45 0.7216-09 0 0.6558-02 0 o * 0.660.3-0210.907 
46 0.531,6-0.3 0 0 • .3150-01 0 o * 0 • .3202-01 0.9'70 
1,7 0.5.346-0.3 0 0.1771-01 0 o * 0.1800-01 0.970 
h8 0.5.346-0.3 0 0.lll4 0 o * 0.11.32 0.970 
49 0.5.31;6-0.3 0 0.3903-01 0 o * 0.3967-01 0.970 
50 0.5.346-0.3 0 o • 84.35-Cl 0 o * 0.85'7.3-01 0.970 I 51 0.6214-0.3 0 0.24.39-01 0.5918-03 o * 0.2.362-01 1.09 
52 0.71;07-0.3 0 0.25.35-01 0.2754-0.3 o * 0.2481-01 1.06 
5.3 0 • .3646-0.3 0 0.2141-01 0.14.34-02 o ~ 0.2008-01 1.19 
54 0.5887-01; 0 0.1487-01 0.3774-02 o * 0.1225-01 1.74 
55 0.5491-05 0 0.1262-01 0.5142-02 o ** 0.9678-02 2.27 
56 0.6214-0.3 0 0.11.30-01 0.2268-0.3 o * 0.1095-01 1.09 
57 0.6214-0.3 0 0.6.355-02 0.1451-0.3 o * 0.6156-02 1.09 
58 0.6214-0.3 0 0 • .3996-01 0.1082-02 0* 0 • .38'71-01 1.09 
59 0.6214-0.3 0 0.1400-01 0 • .3226-0.3 o * 0.1.356-01 1.09 
60 6.6214-0.3 0 0 • .3026-01 0.7585-0.3 o * 0.29.31-01 1.09 
Res;Qonse 
y/€rHl 
Column 1 -0.1854-0.3 0 0.127.3-01 0.7994-0.3 o * 0.1198-01 1.18 
2 -0.2580-0.3 0 0.1214-01 0.2598-0.3 0* 0.1165-01 1.14 
.3 -0.1;.3.34-04 0 0.1177-01 0.2541;-02 0* 0.10.37-01 1.41; 
4 -0.29.3.3-07 0.1.379-0.3 0.5725-02 0.5725-02 o ** 0.1;68.3-02 .3.42 
5 -0 • .329.3-12 0.101.3-02'0.4978-02 0.4978-02 o ** 0 • .3625-02 4.72 
6 -0.6181-04 0 0.5949-02 0.618.3-0.3 0* 0.54.39-02 1.27 
7 -0.2.318-01; 0 0 • .3.369-02 0.4710-0.3 o * 0 • .3001;-02 1..37 
8 -0.1851;-0.3 0 0.207.3-01 0.6608-0.3 o * 0.1995-01 1.11 
9 -0.1854-0.3 0 0.7401-02 0.92.37-0.3 0* 0.6668-02 1..3.3 
10 -0.1854-0.3 0 0.1589-01 0.1448-02 o * 0.1466-01 1.24 
11 -0.1652-0.3 0 0.8467-02 0.655.3-0.3 0 • .3521-0.3 0.8.305-02 1.06 
12 -0.1951;-0.3 0 0.8.394-02 0.5.371;-0.3 0.2842-0.3 0.8255-02 1.05 
1.3 -0.9205-04 0 0.8047-02 0.9141-0.3 0.5108-0.3 0.7846-02 1.08 
11; 
-0.1065-04 0 0.562.3-02 0.14.35-02 0.61;82-0.3 0.5.310-02 1.20 
15 -0.8619-06 0 0.41;78-02 0.1841;-02 0 • .3717-0.3 0.4026-02 1.47 
16 -0.5508-04 0 0 • .3954-02 0.5.39.3-0.3 0.1281-0.3 0 • .3755-02 1.16 
17 -0.2065-04 0 0.22.39-02 0.4210-0.3 0 0.2064-02 1.26 
18 -0.1652-0.3 0.41;4.3-0.3 0.1.381-01 0 0.4876-0.3 0.1.38.3-01 0.995 
19 -0.1652-0.3 0 0.4918-02 0.8184-0.3 0.1051-0.3 0.4591-02 1.22 
20 -0.1652-0.3 0 0.1056-01 0.1246-02 0 • .3926-0.3 0.101.3-01 1.12 
21 
-0 • .3749-04 0 0.5197-02 0.2596-02 0 0.45'::1-02 1.68 
22 -0.4279-04 0 0.52.30-02 0.2500-02 0 0.4572-02 1.65 
2.3 -0.25.35-04 0 0.5080-02 0.2824-02 0 0.41;07-02 1.78 
196 
11ode1 (1) l!od"l (2) 
k 
'1 '') ~ '3 '1 '2 n 
Col= 
24 ~.5610~5 0 0.4727~2 0.329h~2 0* 0.h129~2 1.99 25 -o.5735~6 0 0.4573-02 0.3467-02 0* o . if 043-02 2.06 26 ~.1250-01, 0 0.22h1-02 0.1575-02 0 0.199h~2 1.91 
27 ~.4687-05 0 0.1103~2Io.1103-02 0 0.1068-02 2.18 28 ~.3749-04 0 0.8803-02 0.3395~2 0* 0.7653-02 1.58 29 ~.3749~4 0 0.2425~2 O.2h25-02 0* O.2401~2 ;~.O6 
:l0 -0.3749-04 0 0.6176~2 0 • .3872-02 0 0.5429-02 1.83 
31 ~.2513~4 0 0.101;1, 0.1522-01 0* 0.9263~1 1..39 32 ~.2146-03 0 0.ll,.00 0 0* 0.139h 1.02 
33 ~.60hO-08 0.5453-;92- 0.3150-01 0.3150-01 0** 0.2292~1 4.73 
34 -0.1193-21 0.1731-;9) 0.1306-01 0.lJ06~1 0** 0.5217-02 27.4 
35 ~.1319-41 0.1793~1 0.1119-01 0.1ll9-01 0** 0.3946~2 40.0 
36 ~.8376-o5 0 0.4851-01 0.3631~2 0* 0.4241~1 1.45 
37 -0.3141~5 0 0.2732-01 0.5606-02 0* 0.2360-01 1.51 33 -o.2513~4 0 0.1703 0.2067~1 0* 0.1532 1 • .34 
39 ~.2513~4 0 0.6015-01 0.1172~1 0* 0.5222~1 1.49 40 -o.2513~4 0 0.1293 0.2190-01 0* 0.1140 1.43 41 -0.1069-0.3 0 0.6904-01 0.9584~3 0* 0.6734~1 1.07 42 -o.2413~3 0 0.76/+4-01 0 0* 0.7762~1 0.972 
43 -O.6012~5 0 0.3903~1 0.8650~2 0* 0.3473~1 1 . .39 
44 -0.6571-08 0 0.1065~1 0.8181~2 0* 0.9635~2 1.96 
45 -o.1443~9 0.2690~2 0.5337~2 0.5337~2 0* 0.4432-02 3.28 46 -o.3564~4 0 0.3216-01 0.1547-02 0* 0.3077~1 1.13 
47 ~.1337-04 0 0.1816~1 0.1464~2 0* 0.1707~1 1.13 
48 ~.1069~3 0 0.1125 0 0* 0.1ll5 1.03 
49 ~.1069~3 0 0.3994~1 0.27.36~2 0* 0.3783~1 1.16 50 -o.1069~3 0 0.3597-01 0.3364~2 0* 0.8274~1 loll 51 ~.1243~3 0 0.2405-01 0.5894~2 0.3269~2 0.2298~1 1.16 52 ~.1481~3 0 0.2513~1 0.5349~2 0.3079~2 0.2414~1 1.14 53 ~.7293~4 0.4795~3 0.2077-01 0.6750-02 0.3454~2 0.1943~1 1.26 
54 ~.1177~4 0.1287~2 0.1109-01 0.1109-01 0.1185~2 0.1106~1 2.02 
55 -o.1098~5 0.3503-02 0.9353~2 0.9353~2 0* 0.7933~2 3.05 56 ~.4143~4 0.3216-03 0.1104-01 0.3673~2 0.1899-02 0.1031~1 1.28 
57 ~.1554~4 0.2924~3 0.6130-02 0.2531~2 0.1097~2 0.5596~2 1.41 58 -o.1243~3 0 0.3969-01 0.6361~2 0.3442-02 0.3832~1 1.11 
59 ~.1243~3 0.5510-03 0.1359~1 0.5190~2 0.2429~2 0.1252~1 1.35 60 ~.1243~3 0.6164~3 0.2966~1 0.9052~2 0.4366~2 0.2791~1 1.24 
19'1 
1118 steady-state gai113 for response YNP;I+1 are 
C01UID!1 1 0.3645-l01 C01Ul:JJ1 21 0.1388"01 Column 41 0.3892-;-01 
2 0.4056+01 22 0.1599·01 42 0.1.415-101 
3 o .2460-l01 23 0.9221; 43 0.2496+01 
4 0.5000 ?..4 0.2005 1.4 0.5COO 
5 0.5000-01 25 0.2043-01 45 0.5000-01 
6 0.1093-102 26 0.4164-..01 1.6 0.1168-102 
7 0.2916-..02 27 0.1ll0+O2 47 0.3114·02 
8 0.3645,01 28 0.1388+01 48 0.3892-1-01 
9 0.3645-:01 29 0.1388-101 49 0.3892+01 
10 0.3645-101 30 0.1388-101 50 o .3892-101 
11 0.3105-101 31 0.3991+01 51 0.2851.-101 
12 0_3466-f01 32 0.4621-!01 52 0.3222+01 
13 0.2163-101 33 0.2500-:-01 53 0.1954-l01 
14 0.4772 34 0.5000 54 0.430'7 
15 0.4837-01 35 0.5000-01 55 0.1.384-01 
16 0.9314-101 36 0.1197-102 56 0.8561-l01 
17 0.2484-f02 37 0.3193+02 57 0.2283-102 
18 0.3105-101 38 0.3991+01 58 0.2854-101 
19 0.3105-101 39 0.3991-:01 59 0.2854-101 
20 0.3105+01 40 0.3991-l01 60 0.2854-101 
ISO, 
ABSO"P'flo:J COLU!:lJ3 
TABLL All.l. Characteris"Cic roots of state miltrix for stand<:rd 
plate absorption col~~s. 
A1 A 2 
A 0 .... W 3 • 2 \ A 5 or w 4 
CO]lIDn 1 -{) .8010-.D2 -{) .2892~{)3 -{).5749-ID3 -{).8605-1{)3 -{) .1070-ID4 
2 -{).8361-1D2 -{).3115-{03 -{).6228-1D3 -{).93i,l-1D3 -{) .1l62,DI, 
3 -{).8791-102 -{).2532-:03 -{).4791-1D3 -0.704 9-tD 3 -0.8702-103 
4 -0.1764-103 -0.2503-103 -0.3513-1{)3 -{) .4523-1{)3 -{).5262-103 
5 -{).2673-i{)3 -{).2906-{{)3 -o.3226-1D3 -{).3545-1D3 -{).3779-!D3 
6 -{).1728-103 -{).62L.ChD3 -{) .1240-1{)4 -{).1857-104 -{) • 2308-1{)4 
7 -{).307L.-ID3 -{) .1110-l04 -{) • 2206-tD4 -{).3302-1D4 -{).L.I05-1D4 
8 -0.4888-102 -{).1765-1D3 -{).3508-103 -{).5251-1D3 -{).6527-1D3 
9 -{) .1395-103 -{).5037-103 -{) .100HD4 -{).lL. 99-104 -{).lB63-104 
10 -{). 61.55-102 -{).2331-1D3 -{).4633-1D3 -{).6935-1D3 -{).862Q-1{)3 
II -{).1l85-1D3 -{).3817-{{)3 -{).5719-l{)3 -{).5818-103 :!: o. 2132;{)2 
12 -{).1l95-103 -0.3878-1D3 -{).6045-1D3 -{).6210-t03 -{).6226-1D3 
13 -{).1246-103 -{).3992-103 +-0. 4381-1D3 -{).5171-1D3 ~ 0.3673-1{)2 
lL. -{).1784-103 -{).3348-103 -+ 0.8154-1D2 -{).4l4L.-ID3 -+ 0.4139-!D2 
15 -{).2405-103 -0.3124-1D3 - o. 6123-1D2 -{).3698-103 -+ 0.3040-1{)2 
16 -0.2556-103 -0.8236-103 -0.1234-t04 -{).1255-104 + 0.460l-t{)2 
17 -0. 4547-1D3 -0.lL.65-1D4 -{).2194-1D4 -0.2232;{)4 + 0.818]-ID2 
18 -{). 723 0-I{)2 -0.2329-103 -0.3490-103 -{).355Q-1{)3 -+ 0.1301-1D2 
19 -0.2064-103 -0.6648-103 -0. 9960-103 -0.1013-104 .,. 0.3714-1D2 
20 -0.9548-102 -0.3076-1D3 +-0.4609-1D3 -0.4689-103 ~ 0.1719-i{)2 
21 -{).2006-103 -0.3294-103 -+ 0.1l00-ID3 -0.4326-103 + O. 5462;{)2 
22 -0.1987-103 -0.3345-103 -+ 0.1l33-1D3 -0.4404-103 - 0.5614-1D2 
23 -0.2076-103 -{).3193-1D3 -+ 0.1010-ID3 -0.4153-103 ~ 0.5058-102 
24 -0.2363+03 -{).3073-1{)3 -+ O. 7409-l{)2 -0.3810-103 + 0.3841-!{)2 
25 -0.2683-103 -{).3080-lO3 + 0.4657-1D2 -0. 3571-i{)3 + 0.2541-1D2 
26 -0.4328-103 -0.7107+03 + 0.2373-{{)3 -0.9333-103 + 0.1l78+O3 
27 -0.7697-103 -0.1264-1D4 + 0.4220-f{)3 -0.1660-1{)4 -+ O. 2096-tD 3 
28 -0.1224-103 -{).2010-lO3 + 0.6711+02 -0.2640-1{)3 + 0.3333;D2 
29 -0.3494-103 -0.5737-103 + 0.1915-1D3 -0.7534-103 + 0.9512-102 
30 -{).1617-103 -0.2655-103 - 0.8863-i{)2 -0.3486-103 - 0.4402-102 
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A sl.1:lplc systc:n ilhlch co.n be oscillatory is the vaporiser sho;m :in 
Flgure ill.l: 
Inert 
Gas 
Vnporiser 
I Supply Tank 
,-J-------, 
I 
Figure A12.1. Vaporiser system. 
To 
Plant 
ste1:l1 
The liquid to be vaporised is passpd by inert gas pressure from a 
storage tank to the vaporiser, which is a single, steam-jacketed vertical 
tube. There is no control valve on the liquid supply line in order to 
reduce the risk of the vaporiser's boiling dry and thus concentrating up 
an explosive impurity. 
It is assumed that the heat flux and liquid vaporised is proportional 
19? 
to the level of liquid in the vaporiser and that there is sonic flO1'1 across 
the control valve on the vapour outlet. 
The basic equations for the vaporiser system are as follo'is. The 
flow of liquid into the vaporiser is given by 
W elL 
..l? _ 
A PP. dt 
2 A/?y/ 
+ K L = A(P - P ) -_.& 
1 t v A 
v 
The mass balance on the liquid in the vaporiser is 
dl'1 ~ = 
dt 
L - V. 
l. 
(A12.l) 
(Al2.2) 
The nass balance on the vapcur in the vaporiser is 
V. - V ~ 0 (A12.3 ) 
The flo,,'s of vapour ~nto and from the vapour space in the vaporiser a.'l.d 
the vapori3er pressure are 
V - K l' 
. - 2" ~ ? 
V = K3P o v 
P = K 11 
v 4 v 
Equations (AJ.2.1 - ill.6) may be rearranged to give 
elL 
( 
Ag
"/)I iT , R. 2 ,', 
- = AP - AK H - -- - K..L: -1l 
dt t 4 v A --.L A R 
v R. 
dhTp, = 
dt 
(A12.5 ) 
.(A12.6) 
(A12.7) 
(A12.$) 
(Al2.9) 
The position of the control valve on the outlet vapour line can be 
altered, so that K) is a variable. Then equ~tions (A12.7 - Al2.9) can 
be linearised to give 
~00 
4. = (-AK W -dt 4 v A -2KU ...E. ) / 
\,1 
1 AR 
(A12.10) 
dWi 
dt =£ - Kw 2 R. 
v R. 
(Al2.11) 
(Al2.12) 
Equations (A12.10 - A12.12) ma;y be L"lplacc tr~sfor=d to 
and equations (1\12.13 - Al2.15) give the moments equations 
I 
I Agll " "'" I ~.~ I 
2K1U\,i + ~Q,'~ + AK4H " = -Il. l~ , i-I 
A 
wv'~ APt 
v 
I I 
-Ut " + K2l! . = ,~ IfU~ 
~lhere 
9\ = 1 i=O 
= 0 i> 0 
201 
(1.12.13 ) 
(Al2.14) 
(AI2.15) 
(Al2.16) 
(Al2.17) 
(AI2.18) 
(A12.19a) 
(A12.19b) 
Typical values of the param'Jters for a 6-in l..d. vaporiser lath a 
1 in i.d., 250 ft supply line are given in Table Al2.l: 
TABLE A12.l. Vaporiser system steady-state parameters 
Pt 353,300 
p 341,000 v 
'.'T 123 p 
f' 32.3 ., ~ 
i'/ 1.97 v 
L 0.554 
A 0.00545 
A 0.196 
v 
p 90 
R, 
The response considered is that of the liquid holdup or level in 
the vaporiser to a change in the outlet valve position. The full 
response for a small change (10%) in valve position has been calculated 
from equations (Al2.l0 - Al2.12) using the data given in Table Al2.1 and 
is plotted as the full line in Figure Al2.2. 
The normalised moments about the origin calculated from equations 
(A12.16 - Al2.18) using the same data and the simple model parameters 
calculated from equations (12.17a - 12.17c) are given in Table Al2.2: 
TABLE A12.2. Moments and simple model parameters for liquid 
level response in vaporiser 5,Ystem. 
Moments 
Ml = ~.2525 x 10 
l~ = -0.1210 x 102 
MJ = -0.1919 x 103 i 
Simple model parameters 
Model (4) 
h 
Tl = 0.5341 
~ = 0.3145 
wn = 0.3160 
;:;02 
The para;r.eters shm;n give un exact fit for the mOlll!Onts. 
The simple model response calculated from equation (12.20a) using 
the par2.!lleters given in Table A12.2 is shmm as the triar.gles in 
Figure .\12.2. 
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figure A12.2 Vaporiser system. - Step response of vaporiser liquid level to outlet control valve position for cmplex 
and sLT.ple oscillatory models. 
l~O!lhnTS O? I!l7J;?CTIPG AIID o~Cl:rJ.t .. TCRY SYST17:S 
The normalised moments about the origin have been calculated for the 
inflecting and oscillatory noaels, models (3) and (4). For model (3) 
the moments calculated fro~ equations (12.11a - 12.11c) and the 
adcb.tional equation 
4 4 
1f4 = 24«1 + k/kl ) Tl - (k/kl ) T2 ) (Al3.1) 
using the fo11o'ling values of the parc.meters 
T = 1 1 
T2 = 0.1 
are given in Table Al3.1: 
TABLE Al3.1. Homents of inflecting model 
k/~ 1\ 112 l~ }14 
0 o .1000-t0l 0.2000-tOl 0.6000101 0.2400-t02 
0.1 0.1090-101 0.2198-tOl 0.6599-101 0.2640102 
0.2 0.1180-101 0.2396-tOl 0.7199-101 0.2880-102 
0.3 0.1270-101 0.2594-tOl 0.7798-tOl o .3120-t02 
0.4 0.1360-101 0.2792-tOl 0.8398-tOl 0.3360102 
For model (4) the moments calculated from equations (12.17a - 12.17c) 
using the follmr.ing values of the parameters 
T = 0 1 
w = 1 n 
are given in Table A13.2: 
206 
T!illill Al3.2. !-:O:'.l8!1tS of o3cillatoI"".:T nodel. 
1" ]!I H j'j l! l!5 1'6 1 2 4 
0.2 0.4000 -{) • 1680-.{)l 
-{) .l,416-t01 0.1309-l{)2 0.1145+03 -{) • 1180-1{)3 
0.4 0.8000 -{).7200 -{).6528-:01 -{) .1225-j{)2 0.8156+02 0.7590-t03 
0.6 0.1200-'{)1 0.8800 -{).4032-1{)l 
-{).2991-t02 -0.9384-:02 o • 1857-1{)3 
0.8 0.1600-,01 0.3120;{)1 0.5376-t01 -0.3034;01 
-o.13HI-103 -{) .1174-1{)4 
1.0 o • 2000-t01 0.6COO-I01 0.240Q;{)2 0.1200-t03 0.72oo-l{)3 o .501,O-t04 
2.0 0.4000-:01 o .3000-t02 0.3360-103 0.5016-l{)4 0.9360-105 O.2096-t07 
• 
